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Abstract

In this paper, I analyze optimal monetary policy in developing countries whose

labor markets are characterized by the presence of a large informal sector. I develop

a closed economy model with nominal price and wage rigidities, search and matching

frictions, and a dual labor market: a formal one characterized by matching frictions and

nominal wage rigidities, and an informal one where wages are fully flexible. Under this

framework, a trade-off between price and wage inflation emerges. I find that informality

increases the response of price and wage inflation to aggregate productivity shocks. As

a result, the presence of an informal sector increases the inefficient fluctuations of labor

market variables, such as unemployment, labor market tightness, and formal hiring

rate. I find that optimal policy with informality features significant deviations from

price stability in response to aggregate productivity shocks.

JEL classification: E26, E52, E12, E61.

Keywords: Informality, Monetary policy, Nominal wage and price rigidities, Inflation target-

ing.

1 Introduction

In developing and emerging countries, the informal sector often accounts for a substantial

fraction of the urban labor force. According to the International Labor Office (2018), informal
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employment accounts for more than half of non-agricultural employment in most developing

countries: approximately 72 percent in Africa, 63 percent in Asia and the Pacific, 64 percent

in the Arab States and 50 percent in Latin America. Most of the workers in this sector are

self-employed. Their income comes from operating small, unincorporated enterprises1 that

are hidden from regulatory and monetary authorities, and are hardly registered by official

statistics. While offering the advantage of employment flexibility in some economies, a large

informal sector is associated with low productivity, reduced tax revenues, poverty, and income

inequality (World Bank, 2019).

The implications of informality have drawn considerable attention in the literature. Most

of the research on this topic studies how informal jobs in the labor market are generated

and analyzes the effect of fiscal and labor market policies on informal economic activity.

The existing literature focuses mainly on the real economy, and not many papers have been

devoted to monetary policy analysis in the presence of a large informal sector. The main

objective of this paper is to contribute to this literature by studying the design of optimal

monetary policy in economies with informality.

I develop a closed economy model with dual labor markets, formal and informal, that in-

tegrates labor market search into a New Keynesian model with nominal price and wage

rigidities. Following Thomas (2008) and Gertler and Trigari (2009), I introduce staggered

nominal wage bargaining under which firms and workers in the formal sector bargain over

wages in a setting with search and matching frictions2. Motivated by the fact that the in-

formal sector is mainly characterized by self-employed workers, I assume that wages in the

informal sector are flexible.3

I obtain the approximated quadratic welfare loss function and then characterize optimal mon-

etary policy under commitment. I find that welfare decreases as inflation and wage volatility

increase. Inflation causes inefficient dispersion of prices across retail firms, and similarly,

wage inflation generates an inefficient dispersion of wages across formal firms. Welfare also

decreases with output and labor market tightness volatility, because the composition of total

production between formal and informal goods is distorted when formal labor market tight-

ness differs from its efficient value. Finally, the inefficient fluctuations in employment are an

1These include activities such as trading on the streets or in markets; sales of cooked food from kiosks; the transport of

people or goods by pedal-power or motorbikes; repairing clothes, shoes, or motor scooters; dwelling construction or adding

extensions to them; scavenging for reusable waste; or providing a range of personal services such as hairdressing, fortune-telling,

shoe cleaning, street theater, house cleaning, and the like (Blades et., al. 2011).

2Under this setting, formal wages will affect employment at an extensive margin. They influence the rate at which firms in

the formal sector add new workers to their respective labor forces. As emphasized by Hall (2005), in this kind of setting the

Barro’s critique does not apply (Gertler and Trigari, 2009).
3For a discussion of the reasons why the informal sector should have less frictions, see Zenou (2008)
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additional source of welfare losses. To my knowledge, this is the first paper to introduce both

nominal price and wage rigidities in a model with informality and to characterize optimal

monetary policy in these types of economies.

I show that for the case in which only price rigidities are present, wages in the formal sector

are Nash bargained every period, and the steady state is efficient, a zero inflation policy

is optimal. I also show that when the negotiation of formal wages is staggered, a trade-off

between price inflation and unemployment stabilization emerges. In the presence of price

and formal wage rigidities, complete price-level stabilization is no longer optimal. As a

consequence, the central bank should consider both price and formal wage stability, since

fluctuations in price and wage inflation generate inefficient fluctuations in the allocation of

resources in the economy.

To better understand the implications of informality for optimal monetary policy, I compare

the predictions of the model against a case in which there is no informal sector in the econ-

omy. I find that the contribution of wage inflation volatility to welfare loss, relative to the

contribution of price inflation volatility, is lower for the case with informality. This result is

explained by the fact that in the presence of an informal sector, the proportion of firms in

the economy facing wage rigidities is lower. Therefore, in the presence of an informal sector,

the optimal policy will result in a lower price inflation volatility for a given level of wage

inflation volatility.

Additionally, I find that, in the presence of an informal sector, the inefficient fluctuations in

labor market variables such as employment, labor market tightness, and formal hiring rate are

higher. This result is because, in response to an aggregate productivity shock, only a fraction

of firms in the formal sector can adjust their nominal wages. This wage rigidity generates

a gap between the actual and the natural formal wage (the target wage) that translates

into wage dispersion and inefficient job creation in the formal sector. In the presence of

informality, the response of the target wage to productivity shocks is higher. The target

wage in the formal sector depends on the informal wage (the outside option) and formal

labor market tightness. After a negative productivity shock, the decrease in both variables

is higher than in the case without informality: on the one hand, the outside option decreases

with an adverse productivity shock; and on the other hand, the informal sector works as

a buffer that absorbs workers in bad times, and vice-versa. Consequently, after a negative

productivity shock, the increase in unemployment is lower in the presence of an informal

sector. Hence, the probability of filling a formal vacancy is also lower, pinning down the

formal firm’s surplus and their incentive to hire.

As a result, in response to aggregate productivity shocks, the central bank should use price
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inflation to avoid excessive wage inflation volatility that causes excessive unemployment

volatility and excessive dispersion in the formal hiring rate. By controlling the inflation

rate, the central bank can affect the real value of nominal wages and then bring real formal

wages closer to their flexible-wage levels. The presence of an informal sector requires a higher

adjustment of price inflation to reduce this gap.

In summary, the existence of a large informal sector has two opposite implications for optimal

monetary policy. On the one hand, given that in the presence of informality the proportion

of firms in the economy facing wage rigidities is lower, the optimal policy results in a lower

price inflation volatility for a given level of wage inflation volatility. On the other hand, in the

presence of a large informal sector, wage inflation and unemployment volatility are higher.

As a result, the central bank should use price inflation to avoid excessive unemployment

volatility and excessive dispersion in the formal hiring rate. The aggregate effect on price

inflation volatility would depend on which effect dominates. For a standard calibration of the

model for an economy with a large informal sector, I find that under the optimal monetary

policy, the volatility of inflation is relatively higher in the presence of informality.

Finally, to illustrate the implications of the trade-off faced by the central bank, I analyze the

behavior of a decentralized economy when the monetary authority implements a policy of zero

price inflation. I find that the welfare loss under a zero price inflation policy is approximately

1.26 times as large as under the optimal policy. For the case without informality, the welfare

loss under a zero price inflation policy is approximately 0.015 times larger than the regime

under the optimal policy. These results show that a policy designed to minimize price inflation

volatility can generate significant welfare losses in the presence of nominal wage rigidities and

informality, which might be the case for most emerging countries.

1.1 Related literature

Early modeling in the area of informal economics started from the classic Harris-Todaro

(1970) framework. In these models, informality is captured by building a model of two distinct

markets that are segmented and in which two different wage equilibria prevail (wage duality),

where wages in the formal sector can turn out to be higher than the market-clearing wages.

Brueckner and Zenou (1999) add a land market to the standard Harris-Todaro framework

where wages are endogenously fixed. The idea of identifying the informal labor market with

the disadvantaged sector of a market segmented by rigidities in the formal sector dates back

to Lewis (1954). Most recent literature has developed more sophisticated models to represent

formal, informal, and integrated labor markets (see Boeri and Garibaldi 2005, Fugazza and

Jacques 2003, and Badaoui et al. 2006). In these models, trading frictions in the formal
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and informal sectors are important, and it is possible to determine rules governing the flows

between the two sectors, as well as to and from the pool of the unemployed. Most of these

models incorporate the search and matching model of Mortensen-Pissarides into the Harris

and Todaro model.

The previous literature focuses on the intersectoral margin for workers and firms. Other

papers like Albrecht et al. (2008), Zenou (2008), and Satchi and Temple (2009) focus on the

intersectoral margin for workers. Albrecht et al. (2008) develop a search and matching model

with endogenous job destruction. Workers have the same productivity in the informal sector

(unregulated self-employment), while they have different productivity if they decide to enter

the formal sector. In this way, the relative productivity in the two sectors is an important

factor in the workers choice. In this model, unemployment is the residual state in the sense

that workers whose employments ends, in either the informal or the informal sector, flow

back into unemployment.

In general, these papers aim to study how informal jobs in the labor market are created,

and the effect of fiscal policy and labor market institutions (such as employment protection

legislation, tax wedge, unemployment benefits, unemployment benefit duration, and union

density) on informal economic activity. These studies focus on the real economy and do not

analyze the interaction between the informal sector and monetary policy. Surprisingly, few

papers have been devoted to monetary policy analysis when the economy displays a large

informal sector. An exception is Castillo and Montoro (2010), Batini et al. (2011), and

Alberola and Urrutia (2020).

Castillo and Montoro (2010) is the first paper that analyses the effect of informal labor

markets on monetary policy. They extend Blanchard and Gali (2010) by modeling a dual

labor market economy with formal and informal labor contracts within a New Keynesian

model with labor market frictions. In this framework, informality is a result of hiring costs,

which are a function of the ratio of vacancies to unemployment. They find that informal

workers act as a buffer on employment that allows firms to increase output without generating

pressure on wages. Batini et al. (2011) study how informality affects the conduct of monetary

policy. They develop a two-sector, formal and informal, New Keynesian model. The informal

sector is more labor-intensive, can avoid taxation, has a classical labor market, faces high

credit constraints in financing investment, and is less visible in terms of observed output.

They find that the importance of commitment increases in economies characterized by a

large informal sector and that optimal simple rules that respond only to observed aggregate

inflation and formal output can be significantly worse in welfare terms than their optimal

counterpart. In the same line, Arberola and Urrutia (2020) analyze the effect of informality
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on monetary policy. They develop a general equilibrium closed economy model with labor

and financial frictions and nominal price rigidities. They find that informality has a buffering

effect on the propagation of demand and supply shocks to prices. As a result, informality

dampens the impact of demand and financial shocks on wages and inflation but amplifies the

impact of technology shocks. Informality also increases the sacrifice ratio of monetary policy.

In contrast to Castillo and Montoro (2010), Alberola and Urrutia (2020), and Batini et al.

(2011), I consider both price and wage rigidities and characterize optimal monetary policy

under commitment. Under this framework, it is possible to analyze optimal monetary policy

with informality in a scenario where there is a trade-off between inflation and unemployment.

1.2 Outline

The rest of the paper is organized as follows: Section 2 presents the model. In section 3,

for comparative purposes, I consider both the equilibrium of the model with flexible price

and wages, and the Social Planner Solution. In section 4, I derive a log-linear approximation

of the rational expectations equilibrium around the efficient steady state under staggered

wage bargaining in the formal sector. Section 5 analyzes the optimal monetary policy under

commitment and the role of informality on the optimal monetary policy design. Section 6

concludes.

2 Model

The analysis builds on a New Keynesian framework with dual labor markets. The model

consists of households whose utility depends on the consumption of market goods and whose

members are either employed in the formal or informal sector or are unemployed. Whole-

sale formal firms employ formal labor to produce a wholesale formal good that is sold in a

competitive market. The labor market in this sector is characterized by search and matching

frictions and nominal wage rigidities. Wholesale informal firms employ informal labor to pro-

duce a wholesale informal good sold in a competitive market. The labor market in this sector

is fully flexible (prices and wages are flexible, and there are no search and matching frictions).

Retail firms aggregate the two wholesale goods and transform them into differentiated final

goods that are sold to households in an environment of monopolistic competition.
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2.1 Wholesale firms

I assume two types of firms in the wholesale sector: formal and informal. Formal wholesale

firms produce a homogeneous formal intermediate good that is sold to retailers at a com-

petitive price pft . The labor market in this sector is characterized by the presence of search

and matching frictions and staggered wage bargaining. On the other side, informal whole-

sale firms produce a homogeneous informal intermediate good that is sold to retailers at a

competitive price pıt. The labor market in this sector is not subject to search and matching

frictions and wages are flexible.

2.1.1 Informal wholesale firms

Every period, each worker in the informal sector produces yıit units of output under a pro-

duction technology linear in labor lıt.

The aggregate output of the informal sector is given by:

yıt = ztz
ılıt, (1)

where zt is an aggregate productivity shock, and zı is a parameter denoting the productivity

associated with workers in the informal sector. ln(zt) follows a first-order auto-regressive

process, ln (zt) = ρzln(zt−1) + εzt , where εzt is an independent and identically distributed shock.

Workers in this sector are self-employed, and wages equal the marginal productivity of labor:

wıt = pıtztz
ı. (2)

2.1.2 Formal wholesale firms

The matching function

Formal wholesale firms produce a homogeneous formal intermediate good yft . In this sector,
the number of hires is determined by a search and matching process. Each period, the number
of successful matches between firms that post vacancies vt and unemployed workers looking
for a job in the formal sector lut is determined by the matching function:

m(vt, l
u
t ) = N (lut )

µ
(vt)

1−µ
, (3)

where N is a scale parameter that reflects the efficiency of the matching process, and (1− µ) ∈

(0, 1) measures the elasticity of the matching function with respect to vacancies.
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The probability of filling a vacancy, q (θt), is equal to:

q (θt) =
m(vt, l

u
t )

vt
= N (θt)

−µ
, (4)

where θt = vt
lut

is the labor market tightness in the formal sector.

Similarly, the probability that an unemployed worker finds a job in the formal sector, p (θt),

is equal to:

p (θt) =
m(vt, l

u
t )

lut
= N (θt)

1−µ
, (5)

Equation (5) implies that an increase in the number of vacancies relative to the number of

unemployed individuals who search for a job in the formal sector increases the probability for

an unemployed person of finding a job in this sector. In contrast, an increase in θt decreases

the probability of filling a vacancy. Both firms and workers take q (θt) and p (θt) as given.

Assuming that firms in this sector are sufficiently large, q (θt) represents the fraction of

vacancies filled in period t. New hires do not become productive until the next period, given

the time involved in recruiting and training these new workers.

Therefore, the aggregate of employed workers in the formal sector at time t + 1 can be

represented as follows:

lft+1 = (1− ρ) lft + q (θt) vt, (6)

where ρ is the exogenous destruction rate of formal employment.

Formal production

In the formal sector, firms are indexed by i. Each firm employs lfit workers in period t

and posts vit vacancies to attract new workers for the next period of operation. The total

number of vacancies and employed workers in the formal sector are vt =
�
i
vitdi and lfit =

�
i
lfitdi,

respectively. If the search process is successful, the firm in the formal sector operates with

the following technology:

yfit = ztz
f lfit,
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where zf is a parameter that represents labor productivity specific to the formal sector, with

zf > zı. yfit is sold to retailers at a price pft .

The hiring rate Fit, is defined as the ratio between the number of vacancies vit, and the
number of hired workers lfit:

Fit =
vit

lfit
.

Because of the staggered wage bargaining process, there will be wage dispersion across firms.

As in Thomas (2008) and Gertler and Trigari (2009), I assume convexity in the vacancy-

posting cost to ensure an equilibrium where all formal firms post vacancies in the presence of

wage dispersion4. This cost is measured in terms of utility for the firm’s management, and

is given by:

κ

2
F2
itl
f
it.

Conditional on the current wage and employment, the present value of the flow of benefits

Qo
it for each firm in the formal sector, can be expressed as:

Qoit = max︸︷︷︸
vit

{
pft y

f
it − w

f
itl
f
it −

κ

2
F2
it

lfit
u′(ct)

+ EtΓt,t+1Q
o
it+1

}
,

subject to the law of motion of employment in firm i:

lfit+1 = (1− ρ) lfit + q (θt) vit. (7)

Γt,t+s = βs u
′(ct+s)
u′(ct)

is the stochastic discount factor between periods t and t + s. Firms choose

the hiring rate by setting the number of vacancies in period t. They maximize the present

value of the flow of benefits, taken as given the probability of filling a vacancy and the current

path of expected wages. In case firm i can renegotiate wages, it bargains with its workforce

over a new contract. Otherwise, the firm sets the wage at the level of the previous period.

The first-order condition with respect to vacancies is given by:

κFit
u′(ct)

= q (θt)EtΓt,t+1

∂Qoit+1

∂lfit+1

. (8)

The value of the marginal worker for the firm is given by:

Jfit =
∂Qoit

∂lfit
= pftmpl

f
t − w

f
it +

κF2
it

2u′(ct)
+ (1− ρ)EtΓt,t+1

∂Qoit+1

∂lfit+1

. (9)

4Wage dispersion creates a dispersion in the marginal benefit of posting vacancies. When the cost of a vacancy is linear,

then the marginal cost of posting vacancies would be the same for all firms, and only the firm with the lower wage would post

vacancies.
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Therefore, the value for a formal firm of having an occupied job at time t is equal to the

marginal product of a worker mplft , minus the real wage wfit, plus the saving on adjustment

costs, plus the discounted value of having a match in the following period. Combining

equations (8) and (9) yields the following condition for the hiring rate:

κFit
q (θt)

= βEt

[
u′(ct+1)

(
pft+1mpl

f
t+1 − w

f
it+1 +

κF2
it+1

2u′(ct+1)

)
+ (1− ρ)

κFit+1

q (θt+1)

]
. (10)

Equation (10) equates the cost of hiring a worker, discounted by the probability of filling

a vacancy, to the expected value of a match. The hiring rate depends on the discounted

streams of benefits from having a filled job, plus the savings on adjustment costs. Note that

the wage wfit set by firm i, is the only firm-specific variable that affects the hiring rate Fit.
Consequently, all firms with the same wage wft are going to choose the same hiring rate,

independent of their respective employment size.

The dividends that the household receives from formal firms are equal to:

divyfit = pft y
f
it − w

f
itl
f
it.

Given the constant returns to scale in production, it is possible to express aggregate output

of the formal intermediate good as follows:

yft = zfzt

� 1

0

lfitdi = zfztl
f
t .

2.2 Retailers

In the retail sector, there is a continuum of monopolistic competitive retailers indexed by j

on the unit interval. Let yj be the quantity of output sold by retailer j. Retail firms use

an aggregate of intermediate goods to produce a final differentiated good. The aggregate

intermediate good, is a composite of formal and informal goods, according to the Constant

Elasticity of Substitution (CES) aggregator:

yjt =

[(
yft

) γ−1
γ

+ (yıt)
γ−1
γ

] γ
γ−1

, (11)

where γ is the elasticity of substitution between formal and informal produced goods.

To determine the demand for yft and yıt, retailers solve the following minimization cost prob-

lem:
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min pıty
ı
t + pft y

f
t ,

subject to (11).

The First Order Conditions (F.O.C) imply:

yfit =

(
mct

pft

)γ
yjt, yıit =

(
mct
pıt

)γ
yjt,

where

mct =
[(
pf
)1−γ

+ (pıt)
1−γ
] 1

1−γ

represents the real marginal cost of producing an additional unit of yt.

The total production of final goods is equal to the following composite of individual retail

goods:

yt =

[� 1

o

(
y

Θ−1
Θ

jt

)] Θ
Θ−1

,

where Θ is the elasticity of substitution between differentiated goods. In line with Calvo

(1983), retail firms can change their prices optimally every period with a probability (1− ωp)
and set a price P ∗t . With probability ωp the firm will set the price of the previous period

Pt−1.

If the firm has the chance to set prices optimally, it will choose the price that maximizes the

present discounted value of the firm’s benefits, as follows:

max
P∗t

Et

∞∑
`=0

Γt,t+` (ωp)
` [

(1 + τm)P ∗t yt+`/t −MCt+`/tyt+`/t
]

subject to the sequence of demand constraints:

yt+`/t =

(
P ∗t
Pt+`

)−Θ

yt+`. (12)

where yt+`/t and MCt+`/t denote, respectively, the output and nominal marginal cost in

period t+ ` for a firm whose last reset of prices was in period t.

To offset the distortion caused by monopolistic competition in the retail sector and to ensure

that the steady-state equilibrium is efficient, I assume that the firm’s output is subsidized at
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the fixed rate τm = 1
Θ

. The optimal firm’s price-setting decision is given by (see Appendix

B2 for the derivation):

P ∗t
Pt

=
Et
∑∞
`=0 β

` (ωp)
`
(
ct+`
ct

)1−σ (
Pt
Pt+`

)−Θ

mct+`

Et
∑∞
`=0 β

` (ωp)
`
(
ct+`
ct

)1−σ (
Pt
Pt+`

)1−Θ
. (13)

2.3 Households

The representative household consists of an extended family that contains a continuum of

members. In this household, a fraction lft =
� 1

0
lfitdi of its members are employed in the formal

sector, where lfit represents the number of workers in a firm i. A fraction lıt is working in

the informal sector (self-employed), and the remaining fraction lut = 1− lft − lıt is unemployed

and searching for a job in the formal sector. Following most of the literature, I assume the

existence of a representative infinitely-lived household, where all members pool their income

and consumption is equalized across members. The representative household maximizes the

following utility function:

Ut =

∞∑
t=0

{
u (ct)− ϕ(lft + lıt)

}
,

where

ct =

[� 1

0

(cjt)
Θ−1

Θ dj

] Θ
Θ−1

is an aggregate of differentiated final goods purchased from the continuum of retail firms,

indexed by j ∈ [0, 1]. The function u (ct) is strictly increasing and strictly concave. Following

Ravena and Walsh (2011) and Tomas (2008), I introduce a fixed component of the disutility

of working ϕ5.

The demand for each differentiated consumption good is determined by the intratemporal
optimal choice across goods. It implies:

cjt =

(
Pjt
Pt

)−Θ

ct, (14)

where

Pt =

[� 1

0

(Pjt)
Θ−1

Θ dj

] Θ
Θ−1

(15)

5Under this framework, it is possible to assume linearity in work disutility due to the assumption of risk sharing and labor

supply changing at the extensive margin (see Rogerson, 1988)
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is the Dixit–Stiglitz aggregate price index. The law of motion for the price level is given by:

P 1−Θ
t = ωp (Pt−1)

1−Θ
+ (1− ωp) (P ∗t )

1−Θ
.

In each period, the household faces the following budget constraint:

� 1

0

wfitl
f
itdi+ wıtl

ı
t + divyft +

(1 + rt−1)

(1 + πt)
bt−1 = ct + bt, (16)

where divyft are the dividends from the formal intermediary firms, rt is the nominal interest

rate, bt are bonds and πt is the inflation rate. The household chooses ct and bt that maximize

their expected discounted utility, subject to their budget constraint. The first-order condition

for this optimization problem results in the standard Euler equation:

u′ (ct) = βEtu
′ (ct+1)

(1 + rt)

(1 + πt+1)
, (17)

where u′ (ct) is the marginal utility of consumption.

In equilibrium, the total supply of the final good yt must equal total demand by households
� 1

0
cjtdj. This condition can be written as follows:

yt = 4tct, (18)

where 4t =
� 1

0

(
pjt
pt

)−Θ

dj is a measure of the price dispersion.

2.3.1 Worker’s value functions

The present discounted value for a worker in the formal sector is:

Qfit = wfit −
ϕ

u′(ct)
+ EtΓt,t+1

(
(1− ρ)Qfit+1 + ρmax

[
Qlut+1,Qıt+1

])
. (19)

Equation (19) implies that a worker hired in the formal sector receives a real wage wfit =
W
f
it
Pt

and has a disutility of working equal to ϕ
u′(ct)

. In the next period, she will continue working
in this sector with probability (1 − ρ), in which case she will obtain an expected value of
Qft+1. The probability that a formal worker loses her job is ρ, in which case she will decide
whether to become unemployed or work in the informal sector. This decision will depend on
the maximal value between Qlut+1 and Qıt+1.

Additionally, the present discounted value for a worker in the informal sector is:

Qıit = wıit −
ϕ

u′(ct)
+ EtΓt,t+1 max

[
Qlut+1,Qıt+1

]
. (20)
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In this case, a worker in the informal sector receives a real wage wıit =
W ı
it

Pt
and has a disutility

of working equal to ϕ
u′(ct)

. To apply for formal jobs, informal workers have to become unem-
ployed. Therefore, in the next period workers in this sector either will become unemployed
or will continue working in the informal sector depending on the max

[
Qlut+1,Qıt+1

]
.

Finally, the present discounted value for an unemployed worker is equal to:

Qlut = EtΓt,t+1

(
p (θt) Q̄fF,t+1 + (1− p (θt)) max

[
Qlut+1,Qıt+1

])
, (21)

where Q̄fF,t =
� 1

0
Qfitdi is the average value of employment in the formal sector. The probability

of finding a job in the formal sector in period t is p (θt). In this case, they will start working in

the next period and obtain an expected value of Q̄fF,t+1. With probability (1− p (θt)) they do

not find a job in the formal sector, in which case they either will continue to be unemployed or

will go to work in the informal sector, depending on the max
[
Qlut+1,Qıt+1

]
. In equilibrium, the

present discounted value for an unemployed individual equals the present discounted value

of a worker in the informal sector, Qlut = Qıt. Note that in the presence of staggered wage

bargaining, the present value of finding a formal job in the next period for a worker who

is currently unemployed is Q̄fF,t+1. This is because the unemployed worker does not know in

advance which firm would be paying higher wages in the next period. The unemployed agent

can only choose randomly among formal firms posting vacancies.

The surplus derived by the worker at the firm paying a real wage wfit, is denoted as Hfit, and

HfF,t denotes the average formal worker’s surplus conditional on being a new hire, which are

defined as follows:

Hfit = Qfit −Qlut

HfF,t = Q̄fF,t −Qlut .

Worker surplus in the formal sector can be expressed as:

Hfit = wfit −
ϕ

u′ (ct)
+ EtΓt,t+1

[
(1− ρ)Hfit+1 − p (θt)HfF,t+1

]
. (22)

Additionally, in equilibrium, the value of being unemployed, equation (21), equals the value

of being informal, equation (20). This condition implies:

p (θt)EtΓt,t+1HfF,t+1 +
ϕ

u′ (ct)
= wıt. (23)

The opportunity cost of being in the informal sector, which is equal to the sum of the expected

14



value of searching for a job in the formal sector plus the labor disutility, equals the labor

income in this sector.

3 Efficient and flexible wage equilibrium

For comparative purposes, and before determining formal wages in the decentralized economy,

I consider both the equilibrium of the model under flexible wages, hereafter referred to as the

flexible wage equilibrium, and the social planner solution that is referred to as the efficient

equilibrium.

3.1 Efficient equilibrium

In this section, I consider the social planner solution. The efficient allocation will be the

benchmark relative to which monetary policy results will be evaluated.

In a scenario of perfect competition in goods and labor markets, the social planner chooses the

state-contingent path of ct, l
f
t , lıt and vt to maximize the following joint welfare of households

and managers:

Ut = Et

∞∑
t=1

βt
(
u (ct)− ϕ

(
lft + lıt

)
− κ

2
F2
t l
f
t

)
,

subject to the law of motion of employment, lft+1 = (1− ρ) lft +m(vt, l
u
t ), and aggregate resource

constraints: 1 = lut + lft + lıt, and yt = ct,

with yt =

[(
yft

) γ−1
γ

+ (yıt)
γ−1
γ

] γ
γ−1

, and m(vt, l
u
t ) = N (vt)

1−µ
(lut )

µ.

The first-order conditions with respect to vt, l
f
t+1 and lıt are given, respectively, by:

κ

(
vt

lft

)
= Υ ft mv (vt, l

u
t ) , (24)

Υ ft = βEt

u′(ct+1)
∂yt+1

∂yft+1

∂yft+1

∂lft+1

− ϕ+
κ

2

(
vt+1

lft+1

)2

+ Υ ft+1

(
(1− ρ)−mlu

(
vt+1, l

u
t+1

)) , (25)

u′(ct)
∂y

∂yı
∂yıt
∂lıt
− ϕ = Υ ft mlu (vt, l

u
t ) , (26)
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where mv(vt, l
u
t ) = (1− µ) q (θt), mlu(vt, l

u
t ) = µp (θt), and p (θt) = θtq (θt).

Υf
t represents the social value of an additional worker in the formal sector. From equation

(26), the social value of an additional worker in the informal sector Υı
t is equal to u′(ct) ∂y∂yı

∂yıt
∂lıt
−ϕ.

Reorganizing and combining equations (24), (25) and (26), I obtain the following efficient

job creation condition (the algebra is provided in Appendix B4):

κFt
q (θt)

= βEt

[
(1− µ)u′(ct+1)

(
∂yt+1

∂yft+1

mplft+1 −
∂yt+1

∂yıt+1

mplıt+1 +
κF2

t+1

2u′(ct+1)

)
+ (1− ρ)

κFt+1

q (θt+1)

]
. (27)

In what follows, I denote x̂t as the log deviation of variable xt from its steady-state value x.

To gain some intuition, I derive the log-linear version of equations (24) and (26):

2

ρ (1− µ)
sv

(
µθ̂t + F̂t

)
= Υf Υ̂f

t , (28)

µ2sv
(1− µ)

(
F̂t + θ̂t

)
= ΥıΥ̂ı

t, (29)

where sv =
κ
2
F2lf

u’(c)c
, and Υı = u′(c) ∂y∂yı

∂yı

∂lı − ϕ.

Equation (28) implies that the social value of an additional job in the formal sector Υf Υ̂f
t

equals the marginal cost for a formal firm of adding a new worker. Similarly, equation (29)

implies that the social value of an additional worker in the informal sector ΥıΥ̂ı
t equals

the social value of an additional unemployed worker. These two equations, together with

the efficient job creation condition, are the benchmark relative to which the flexible wage

equilibrium and the staggered wage bargained equilibrium will be compared.

3.2 Equilibrium under flexible wages

In this section, I derive the three main equations of the model that govern labor market

dynamics outside the steady state, assuming that wages are flexible.

In an environment with search and matching frictions, wages are determined through a

negotiation process between firms and workers. Once wages are set, firms choose the level

of employment that maximizes their benefit. I assume that firms renegotiate their nominal

wages every period according to the Nash Bargaining Solution. The conventional sharing

rule implies:
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(1− φ)Hfit = φJfit, (30)

where φ measures the worker’s relative bargaining power. Hfit and Jfti are the worker’s and

firm’s surplus, defined in equation (22) and (9) respectively.

Then, replacing the expressions for Hft and Jft , and equation (23) into equation (30), I find

that under a flexible wage-setting, all firms in the formal sector set the following real wage

every period (see Appendix B3 for the derivation):

wft = wot = φ
(
pftmpl

f
t + κ

2
F2
t

u′(ct)
+ κFt

u′(ct)
θt

)
+ (1− φ)

(
ϕ

u′(ct)

)
. (31)

The negotiated wage is a combination of what a worker contributes to the match and what

the worker loses by accepting a job, weighted by relative bargaining power. When all formal

wages are renegotiated every period, all formal firms set the same wage. This is why the

subscript i disappears.

From the equilibrium condition Qut = Qit in equation (23), combined with equation (8), gives:

κFtθt
u′(ct)

φ

1− φ
+

ϕt
u′(ct)

= wıt. (32)

Replacing (32) into (31), I obtain an expression for the average formal wage as a linear

combination between the firm’s income from having a job filled and the outside option for

workers:

wft = wot = φ
(
pftmpl

f
t + κ

2
F2
t

u′(ct)

)
+ (1− φ) (wıt) . (33)

Different from the case without informality, the outside option for workers depends on wages

in the informal sector wıt. Therefore, after an adverse aggregate productivity shock, wages in

the informal sector decrease, decreasing the outside option for formal workers and, therefore,

increasing the negative effect of the shock on formal wages. Additionally, the effect of a

productivity shock on labor market tightness will also be exacerbated by the presence of

informality. Indeed, the informal sector works as a buffer that absorbs workers in bad times,

and vice versa. Therefore, after a negative productivity shock, a proportion of unemployed

workers will find it more profitable to go to the informal sector, decreasing the probability

of a formal vacancy being filled. This, in turn, pins down the firm’s surplus and, therefore,

the incentive to hire. The decrease in the firm’s surplus will have an even larger impact on

the hiring rate in the formal sector.
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Finally, replacing equation (33) into equation (10), I obtain the following job creation condi-

tion:

κFt
q (θt)

= βEt

[
(1− ϕ)u′(ct+1)

(
∂yt+1

∂yft+1

mplft+1 −
∂yt+1

∂yıt+1

mplıt+1 +
κF2

t+1

2u′(ct+1)

)
+ (1− ρ)

κFt+1

q (θt+1)

]
, (34)

where mplıt+1 is the marginal productivity of labor in the informal sector. The total wholesale

output is equal to yt =

[(
yft

) γ−1
γ

+ (yıt)
γ−1
γ

] γ
γ−1

. Under flexible price and wage setting, prices in

the formal and informal sectors are equal to the marginal increase in production due to one

unit increase in yft and in yıt respectively, this is: pft = ∂yt
∂yft

and pıt = ∂yt
∂yıt

.

Now, it is possible to compare the flexible wage equilibrium with the efficient equilibrium

found in the previous subsection. Note that equation (27) is equivalent to (34) when µ = φ,

which means the elasticity of the matching function with respect to vacancies (1− µ) is

equal to the firm’s bargaining power (1− φ) . This is known as the Hosios condition, which

is necessary to achieve the constrained Pareto efficiency in an economy with search and

matching frictions (Hosios, 1990).

In addition to assuming an optimal subsidy that eliminates the distortion caused by mo-

nopolistic competition, efficiency also requires that equation (27) holds, together with the

elimination of the inefficient dispersion of prices 4t = 1. The absence of price dispersion

requires keeping the price level constant, which can be attained by a policy that stabilizes the

marginal cost in the retail sector mct at the level consistent with the firm’s desired mark-up.

This implies that when wages in the formal sector are negotiated every period and the steady

state is efficient, a zero price inflation policy is optimal.

4 Equilibrium under wage rigidities in the formal sec-

tor

In this section, I determine the equilibrium conditions assuming wage rigidities in the formal

sector. In line with Gertler and Trigari (2009) and Tomas (2008), I suppose staggered wage

contracting, where every period, each firm in the formal sector has a fixed probability (1− ωw)

of renegotiating salaries. When the firm has the chance to renegotiate its nominal wage, it

negotiates with both the existing workers and the new hires, so that all workers in the firm

receive the same wage. For firms that cannot renegotiate wages, they will maintain the

nominal wage from the previous period, and new hires will receive the same wage.
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I denote W f∗
it as the nominal wage of a formal firm i that renegotiates its salary in period t. I

assume that, in renegotiating firms, managers and workers split the match surplus as follows:

(1− φ)Hf
(
W f∗
it

)
= φJf

(
W f∗
it

)
. (35)

For simplicity, I assume that in renegotiating firms, the match surplus is split in the same

way as in period-by-period Nash bargaining6.

I next characterize the relation between the contract wage W f∗
it , and the evolution of the

average nominal wage W f
t across workers in the formal sector, which is given by:

W f
t =

� 1

0

W f
itdi. (36)

Given the constant returns to scale, all firms renegotiating wages face the same optimization

problem and set the same contract wage, then W f∗
it = W f∗

t . Additionally, since firms that can

renegotiate wages are randomly chosen, equation (36) can be expressed recursively as

W f
t = (1− ωw)W f∗

t + ωwW f
t−1. (37)

Finally, the aggregate job creation condition can be expressed as follows:

κFt
q (θt)

= βEtΓt,t+1

[
u′(ct+1)

(
pft+1mpl

f
t+1 −

W f
t+1

Pt+1
+

κF2
t+1

2u′(ct+1)

)
+ (1− ρ)

κFt+1

q (θt+1)

]
. (38)

The job creation condition is the same as in the case of the flexible wage scenario. As such,

under wage rigidities, efficiency requires that the Hosios condition holds, together with the

elimination of the inefficient dispersion of prices and wages.

6The other option is to maximize the weighted average of the firm and worker surplus (see Gertler and Trigari, 2009). The
Nash bargaining solution is given by: [

1− χt(W f∗
it )
]
Hft (W f∗

it ) = χt(W
f∗
it )Jit,

where χt(W
f∗
it ) = φ/

(
φ+ (1− φ)

µt(W
f∗
it )

εt

)
. εt is the cumulative discount factor that workers use to value the contract wage,

while µt(W
f∗
it ) is the cumulative discount for the firm. χt(W

f∗
it ) is the relative share that depends not only on the bargaining

power but also on the horizon over which the worker and the firm value the impact of the contract wage. According to Gertler
and Trigari (2009), this is called the "horizon effect" that influences the bargained wage. Under this setting, firms account
for the implications of the contract wage for future hires, but workers care about wages only during their time working at the
firm. They find that, while the horizon effect is interesting from a theoretical perspective, it turns out not to be quantitatively
important in their baseline calibration. Therefore, in the same line as Thomas (2008), I assume that managers and workers split
the match surplus the same as in the flexible-wage equilibrium.
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4.1 The linearized model

In this subsection, I derive the log-linear approximation of the rational expectations equilib-

rium around the efficient steady state. I start by deriving the log-linear version of the three

central equations that govern labor market dynamics outside the steady state: the relation

for formal wages, the job creation condition in the formal sector, and the equilibrium con-

dition in the informal sector (the log-linear and the steady state equations are presented in

Appendix B1).

In Appendix B5, I show that log-linearizing and combining equations (35), (22), (23) and (9)

results in the following law of motion for the average real wage in the formal sector:

ŵft = ψoŵ
o
t + ψ1Et

(
ŵft+1 + π̂t+1

)
+ ψ2

(
ŵft−1 − π̂t

)
, (39)

where

ŵot = φ
[

Υaât + ΥF

(
2F̂t − û′(ct)

) ]
+ (1− φ) (Υwıŵ

ı
t) (40)

is the real formal wage that would arise under period-by-period Nash bargaining. a = pfmplf ,

Υa = a
wf
, ΥF = κF2

wfu′(c)
, Υwı = wı

wf
, ψo + ψ1 + ψ2 = 1, and ât = p̂ft +

ˆ
mplft . Due to staggered wage

negotiation, the average formal wage ŵft depends on its lagged value ŵft−1 as well as on the
expected future wage Etŵ

f
t+1. Under a flexible wage-setting where ωw = 0, both ψ1 and ψ2

become equal to zero, and ψo equal to 1, thus ŵft = ŵot .

Additionally, log-linearizing the aggregate job creation condition in equation (38), results in:

F̂t − q̂ (θt) =
1

Jf

(
aât+1 − wf ŵft+1

)
+ ΓF̂t+1 + Γ (1− ρ) q̂ (θt+1) + Et (a− w)

1

Jf
û′(ct+1). (41)

Finally, log-linearizing the equilibrium condition in the informal sector, equation (23), yields

(see Appendix B5 for details):

EtΓp (θ)Hf
(
F̂t + θ̂t − û′(ct)−

∇ωw

1− ωw
Et

[
ŵft+1 − ŵ

f
t + π̂t+1

])
= wıŵıt +

ϕ

u′(c)
û′(ct), (42)

where ∇ = µwf

Jf

(
Jf ε
Hfµ + 1

)
.

To gain some intuition, I next express the job creation condition (41) and the equilibrium

condition in the informal sector (42) in terms of the inefficient fluctuations of the marginal

cost and in the formal wage gap, as follows (the algebra is presented in Appendix B6):

2sv
ρ(1−µ)

(
µθ̂t + F̂t

)
−Υf Υ̂f

t = βEt

[(
yf

y

) γ−1
γ

m̂ct+1 + sw
(1−µ)

(
ŵot+1 − ŵ

f
t+1

)]
, (43)
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and

µ2sv
(1− µ)

(
F̂t + θ̂t

)
−ΥıΥ̂ı

t =

(
yı

y

) γ−1
γ lu

lı
m̂ct +

µ2sv
(1− µ)

∇ωw

1− ωw
Et [π̂wt+1 − π̂t+1] , (44)

where sw = wf lf

y is the steady state formal labor income share, sv =
κ
2F

2lf

u’(c)c is the vacancy posting

cost in consumption units as a fraction of total consumption, and π̂wt is the wage inflation

in the formal sector. Υ ft is the social value of an additional job in the formal sector, defined

in equation (28), and Υı is the social value of an additional worker in the informal sector,

defined in equation (29). Note that the left-hand side (LHS) of equation (43) represents

the difference between the marginal cost for a formal firm of adding a worker and the social

value of an additional job in the formal sector. This difference depends on the expected

fluctuations in the marginal cost and on the formal wage gap. In the same way, the LHS of

equation (44) represents the difference between the social value of an unemployed worker and

the social value of an additional worker in the informal sector. This difference also depends

on the fluctuations in the marginal cost and in the formal wage gap.

The Phillips curve, wage inflation equation and IS curve

By log-linearizing and combining equation (13) and (15) it is possible to obtain the standard

expression of the price inflation, known as the Phillips curve (see Appendix B7 ):

π̂t = κpx (m̂ct) + βEtπ̂t+1, (45)

where κpx = (1−ωp)(1−ωpβ)
ωp . m̂ct denotes the log-deviation of the real marginal cost from its

steady state value.

I next derive an expression for wage inflation in the formal sector. From equation (39) and

average real wage dynamics ŵft − ŵ
f
t−1 = π̂wt − π̂t, I obtain the following expression for wage

inflation (see Appendix B8 for the derivation):

π̂wt =
ψ0

ψ2

(
ŵot − ŵ

f
t

)
+
ψ1

ψ2
Et (π̂wt+1) , (46)

where ψ0

ψ2
= 1−ωw

ωw(1+(1−ρ+µ ρ

Jf
)ωwβφ)

, and ψ1

ψ2
= (1−ρ)φ

1+(1−ρ+µ ρ

Jf
)ωwβφ

.

According to equation (46), wage inflation depends on the gap between the target and the

actual average real wage
(
ŵot − ŵ

f
t

)
. The intuition behind this result is as follows: when

the average formal wage in the economy ŵft is below (above) its target level ŵot , renegotiating
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firms will tend to increase (decrease) their nominal wages, thus generating positive (negative)

wage inflation. Consequently, an aggregate productivity shock in the economy will affect ŵot ,

and formal real wages will converge slowly toward their target levels. In this case, the

gap
(
ŵot − ŵ

f
t

)
6= 0 generates an inefficient wage dispersion that translates into a hiring rate

dispersion in the formal sector.

Finally, by log-linearizing the Euler equation, equation (17), I obtain a standard expression

for the IS curve:

ŷt = Et (ŷt+1)− σ (it − Etπ̂t+1) . (47)

5 Optimal monetary policy

In this section, I analyze optimal monetary policy in an economy with informality. I first

derive the second-order approximation of the welfare criterion, which will be the objective

function in the central bank’s optimal monetary policy problem. To keep the analysis simple,

I assume that the steady state of this economy is efficient. It implies that the Hosios condition

holds (µ = φ), and there is a subsidy to monopoly firms (financed by a lump-sum tax to the

same firms) that eliminates monopoly distortion.

In Appendix B9, I show that the second-order approximation of the household’s welfare can

be written as follows:

∑∞
t=0 β

tUt = −
∑∞
t=0 β

t u
′(c)c
2

Lt + t.i.p,

with

Lt = Ψππ̂
2
t + Ψπwπ̂

2
wt + Ll,ht , (48)

Ll,ht =
(
σ−1 − 1

)
ŷ2
t + 2sv

[
µθ̂2
t + F̂2

t

]
+ Ψyf

(
l̂ft

)2
+ Ψyi

(
l̂ıt

)2
,

where Ψπ = Θ
Υ , Ψπw = sv2

~2

Υw
, ~ = βωwsw

(1−βωw) 2
ρ sv

, Υw = (1−ωw)(1−βωw)
ωw , Ψyf =

(
y
yf

) 1−γ
γ

, and Ψyi =(
y
yı

) 1−γ
γ

.

Ll,ht measures the success of monetary policy in stabilizing output and labor market variables

around their efficient steady-state value. t.i.p are the terms independent of policy. Note that

in the case of a logarithmic utility function, σ = 1, and taking into account that the steady
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state is efficient, the value of Ll,ht does not depend on output, and the efficient allocation of

employment remains constant after an aggregate productivity shock. In this specific case,

the variables in Lt are measured in terms of deviations from their efficient values. Hereafter

I assume σ = 1.

Equation (48) shows that welfare decreases with price and wage inflation volatility. Under this

framework, price inflation causes inefficient dispersion of prices across retail firms, and wage

inflation creates inefficient dispersion of wages across formal firms7. Welfare also decreases

with labor market tightness volatility. Indeed, the composition of total production between

formal and informal goods can be inefficient if labor market tightness in the formal sector

differs from its efficient value. Additionally, since the utility cost of hiring is convex in hiring

rates, dispersion in F increases the welfare cost involved in job creation in the formal sector.

Finally, inefficient fluctuations in employment, and hence in unemployment, are an additional

source of welfare losses.

The contribution of inflation volatility to welfare losses Ψπ is increasing in the degree of

price stickiness. Similarly, the contribution of wage inflation volatility to welfare losses is

increasing in the degree of wage stickiness and the steady-state formal labor income share

sw. In the presence of an informal sector, the proportion of firms in the economy facing wage

rigidities is lower, together with the formal labor income share. As a result, the contribution

of wage inflation volatility to the welfare loss, relative to the contribution of price inflation,

is lower for the case with informality. Consequently, in the presence of an informal sector,

the optimal policy will result in a lower price inflation volatility for a given level of wage

inflation volatility.

7I show in Appendix B5 the hiring rate can be expressed as follows:

Et
[
F̂it − F̂t

]
= −ωww

µ

Qo

[
Ŵ f∗
it − Ŵ

f∗
t

]
.

This implies that wage dispersion creates dispersion in hiring rates: vari

(
F̂it
)

=
(
ωww µ

Jf

)2
vari

(
Ŵ f∗
it

)

vari

(
F̂it
)

=

(
βωwsw

(1− βωw) 2
ρ
sv

)2

vari

(
Ŵ f∗
it

)

vari

(
F̂it
)

= ~2vari

(
Ŵ f∗
it

)
Since the hiring rate cost is convex and is measured in terms of utility, dispersion in the formal hiring rate increases the

welfare cost involved in aggregate job creation.
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5.1 Policy trade-offs

From the Phillips curve in equation (45), the wage inflation in equation (46), the hiring rate

condition in the formal sector, equation (43), and the equilibrium condition in the informal

sector, equation (44), it is possible to analyze the trade-offs faced by the monetary authority

in an economy with a dual labor market and price and wage rigidities.

I first consider equations (45) and (46):

π̂t = κpx (m̂ct) + βEtπ̂t+1, (49)

π̂wt =
ψo
ψ2

(
ŵot − ŵ

f
t

)
+
ψ1

ψ2
Et (π̂wt+1) . (50)

According to equation (50), wage inflation depends on the gap between the target and the

average real wage. In response to an aggregate productivity shock, the average real wage

in the formal sector is affected, but not as much as its natural (target) wage. Because of

the presence of wage rigidities, formal real wages will converge slowly toward their target

levels. As a result, the gap
(
ŵot − ŵ

f
t

)
6= 0 translates into a formal wage inflation that results

in inefficient wage dispersion.

When price inflation is equal to zero, π̂t = 0, equation (39) can be expressed as

ŵft = ψoŵ
o
t + ψ1Etŵ

f
t+1 + ψ2ŵ

f
t−1. (51)

Equation (51) implies that in response to a real shock in the economy, ŵft differs from ŵot

when price inflation is equal to zero. Therefore, under a zero price inflation policy, the central

bank is not able to close the gap between actual and desired wages in the formal sector. It

follows that the central bank faces a trade-off between price inflation and wage inflation.

I next consider the job creation condition in the formal and informal sector, defined in

equations (43) and (44), respectively, as follows:

2sv
ρ(1−µ)

(
µθ̂t + F̂t

)
−Υf Υ̂f

t = βEt

[(
yf

y

) γ−1
γ

m̂ct+1 + sw
(1−µ)

(
ŵot+1 − ŵ

f
t+1

)]
,

µ2sv
(1− µ)

(
F̂t + θ̂t

)
−ΥıΥ̂ı

t =

(
yı

y

) γ−1
γ lu

lı
m̂ct +

µ2sv
(1− µ)

∇ωw

1− ωw
Et [π̂wt+1 − π̂t+1] .
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Efficiency requires that equations (28) and (29) hold. However, when either
(
ŵot − ŵ

f
t

)
6= 0 or

m̂ct 6= 0, the job creation condition in the formal and informal sectors is inefficient. Therefore,

under this framework, both price and wage inflation generate a distortion in the formal hiring

rate and the job creation condition in the informal sector, which translates into inefficient

fluctuations in unemployment. As a consequence, the central bank also faces a trade-off

between price inflation and unemployment.

Note that the larger the gap
(
ŵot − ŵ

f
t

)
, the greater the inefficiency fluctuations in the labor

market variables. In response to an aggregate productivity shock, only a fraction of firms in

the formal sector can adjust their nominal wages. This wage rigidity generates a gap between

the average formal wage ŵft and the target wage ŵot . Equation (40) shows that in the presence

of an informal sector, the target wage ŵot depends, apart from productivity, on the informal

wage (the outside option) and on the hiring rate (which depends on labor market tightness).

As I noted in section 3.2, after an aggregate productivity shock, the effect in both variables

is higher than in the case without informality.

Consequently, for a given level of inflation, the wage gap is higher in the presence of an

informal sector. On that account, the inefficient fluctuations in labor market variables such

as labor market tightness, hiring rate, and unemployment are also higher. It follows that the

trade-off between price inflation and unemployment faced by the central bank increases in

the presence of an informal sector.

In summary, the existence of a large informal sector has two opposite implications for optimal

monetary policy. On the one hand, the optimal policy results in a lower price inflation

volatility for a given level of wage inflation volatility. This is because wages in the informal

sector are flexible, and hence the proportion of firms in the economy facing wage rigidities is

lower. On the other hand, in the presence of informality, wage inflation and unemployment

volatility are higher. As a result, the central bank should use price inflation to avoid excessive

unemployment volatility and excessive dispersion in the formal hiring rate. The aggregate

effect on price inflation volatility would depend on which effect dominates.

5.2 Responses under optimal monetary policy and quantitative

analysis

In this section, I use numerical methods to characterize optimal monetary policy with in-

formality. For simplicity, I focus only on the volatility generated by exogenous aggregate
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productivity shocks8.

5.2.1 Calibration

A summary of the calibration of the model is reported in Table 1 The model is calibrated

at a quarterly frequency to reproduce some key metrics for the Colombian economy9. The

first set of parameters corresponds to standard values in the real business cycle literature

(RBC). I set the quarterly discount factor β = 0.99, which implies a quarterly real rate of

interest of approximately 1%. I assume an intertemporal elasticity of substitution equal to

1, σ = 1. Similar to Restrepo-Echavarŕıa (2014), Fernández and Meza (2015), and Alberola

and Urrutia (2021) I set the elasticity of substitution between formal and informal inputs, γ,

equal to 8. The markup of prices on marginal costs is assumed to be on average 20 percent.

This amount is obtained by setting Θ equal to 6.

In addition, based on most of the existing literature, bargaining power has typically been

set either to satisfy the Hosios (1990) condition or to achieve symmetric Nash bargaining,

in which the surplus is equally shared, I set the worker’s bargaining power parameter, φ,

and the elasticity of matches with respect to vacancies, µ, equal to 0.5. This assumption

ensures the efficiency of the equilibrium in the flexible version of the model (Hosios, 1990).

Finally, I assume an average duration of wage contracts of one year, and price contracts of

one semester, i.e., ωw = 0.75 and ωp = 0.5 respectively.

The second set of parameters, (ρ, κ, N,ϕ, zı, and zf ) are jointly calibrated so that the steady

state of the model matches the long-term properties of the data: an unemployment rate of

11%, a share of informally employed workers equal to 41%, a probability of filling a vacancy

of 0.894, the relative productivity of the informal sector equal to 0.635, and a job-finding

rate in the formal sector of 0.137110. I obtain the job destruction rate in the formal sector

8As noted in section 5, when the utility function is logarithmic (when σ = 1), the value of Ll,ht does not depend on output,

and the efficient allocation of employment remains constant after an aggregate productivity shock . In this specific case, the

variables in Lt are measured in terms of deviations from their efficient values.
9I choose Colombia as a benchmark country given the weight and persistence of the informal sector, and the availability of

information on labor market flows and wage differentials across sectors
10The size of the informal sector measures the share of the urban labor force working in the informal sector in Colombia. The

rates of unemployment and informal employment are calculated using data from the Household Survey (GEIH for its acronym

in Spanish) and taking into account the definition of informality used by the Colombian System of National Accounts (DANE

for its acronym in Spanish). DANE’s definition of informal employment includes the group of employees and employers working

in firms with fewer than 10 workers, unpaid family workers, domestic household workers, and self-employed individuals who are

not professionals or technicians. Data on the probability of filling a vacancy in the formal sector comes from Cardozo (2019),

who estimates that the time to fill a vacancy in Colombia is approximately 1.35 months. It will imply a monthly probability of

filling a vacancy of 0.528 (i.e., a quarterly probability of 0.894). Data on the differential in productivity between the formal and

informal sectors is taken from Fernandez (2018), who finds that informal firms have between 54% and 73% of the formal firm’s

productivity. Finally, the probability that an unemployed worker finds a job in the formal sector is estimated using data from
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ρ = 0.0314, the adjustment cost parameter κ = 155.17, the efficiency parameter of the

matching function N = 0.35, the fixed component of labor disutility ϕ = 0.048, and the labor

productivity in the informal sector zı = 0.635, with zfnormalized to 1.

Table 1. Parameters for the baseline economy

Description Symbol Value Justification

Fixed parameters

Discount rate β 0.99 Standard values in the RBC literature

Intertemporal elasticity of substitution σ 1 Standard values in the RBC literature

Elasticity of substitution formal-informal inputs γ 8 Restrepo-Echavarŕıa (2014)

Elasticity of substitution between varieties Θ 6 Standard value in the NK literature

Bargaining worker’s power φ 0.5 Standard value in the literature

Elasticity of matches with respect to vacancies µ 0.5 Standard value in the literature

Fraction of formal firms not changing wages ωw 0.75 Average wage contracts of one year

Fraction of retail firms not changing prices ωp 0.5 Average price contracts of one semester

Labor productivity in the formal sector zf 1 Normalized to one

Calibrated to steady-state moments Targets

Job destruction rate in the formal sector ρ 0.0314 Job finding rate in formal sector: 0.1371

Adjustment cost parameter κ 155.17 Informal employment rate: 0.41

Efficiency parameter of the matching function N 0.35 Unemployment rate: 0.11

Fixed component of labor disutility ϕ 0.0166 Probability of filling a vacancy : 0.894

Labor productivity in the informal sector zı 0.635 Productivity gap: zı/zf = 0.635

Calibrated to business cycle moments Targets

Persistence of aggregate productivity ρz 0.89 Standard deviation of unemployment: 0.017

Standard deviation of productivity shocks σz 0.0062 Standard deviation of GDP: 0.00698

The rest of the parameters are associated with aggregate productivity shock and the Taylor

Rule and are jointly calibrated to match the volatility of gross domestic product (GDP)

and unemployment. I set the persistence of the aggregate productivity ρz = 0.89, and the

standard deviation of aggregate productivity shock σz = 0.0062 to match the volatility of

GDP and unemployment to 0.0068 and 0.017, respectively, under a Taylor rule of the form

ît = 3.5π̂t + 0.09ŷt.

5.2.2 Optimal monetary policy

I begin the quantitative analysis by simulating the behavior of the decentralized economy

when the central bank implements the optimal monetary policy in an economy with and

the GEIH that allows estimating the allocation of workers between occupations (formal, informal, and unemployed) as well as

calculating the transition rate between them.
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without an informal sector.

At time 0, the central bank chooses the state-contingent plan that minimizes:

∑∞
t=0 β

tWLt = −
∑∞
t=0 β

t u
′(c)c
2

Lt + t.p.i+O3 ,

with

Lt = Ψππ̂
2
t + Ψπwπ̂

2
wt + Ll,ht ,

Ll,ht =
(
σ−1 − 1

)
ŷ2
t + 2sv

[
µθ̂2
t + F̂2

t

]
+ Ψyf

(
l̂ft

)2
+ Ψyi

(
l̂ıt

)2
,

subject to the Phillips curve, equation (45), the law of motion of labor, equation (6), and the

equilibrium condition in the informal sector, equation (44).

To better understand the effect of informality on optimal monetary policy design, I compare

the predictions of the model to the case where there is no informal sector in the economy, in

which case I assume zı = 0. Figure 1 shows the Impulse Response Functions (IRFs) of all the

variables in Lt, unemployment, and the interest rate, in response to one standard deviation

(σz = 0.0062) negative productivity shock (zt ↓) under the optimal monetary policy. Relative

to the situation without informality, the optimal policy features significant deviations from

price stability. After a negative productivity shock, only a fraction of firms in the formal

sector can adjust their nominal wages. As a result, the gap between the target wage and the

average wage in the formal sector decreases, which in turn generates negative wage inflation.

By increasing the inflation rate, the central bank can affect the real value of nominal wages

and then bring real formal wages closer to their flexible wage levels.

As noted in section 5.1, for a given level of price inflation, the wage gap is higher in the

presence of an informal sector. On that account, the inefficient fluctuations in the labor

market variables such as labor market tightness, hiring rate, and unemployment are also

higher. It follows that the presence of an informal sector requires a higher adjustment on

inflation to reduce this gap.
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Figure 1. Impulse response functions to a 0.62% negative

productivity shock under the optimal policy

From the welfare loss function, equation (48), I find that contribution of wage inflation

volatility to the welfare loss, relative to the contribution of inflation Ψπw
Ψπ

, is lower in the

case with informality. It implies that in the presence of an informal sector, the optimal

policy results in a lower price inflation volatility for a given level of wage inflation volatility.

However, I also find that for a given level of price inflation, the presence of an informal sector

amplifies the effect of an aggregate productivity shock on wage inflation and on inefficient

fluctuations in employment, implying that the central bank has to move further away from a

full-price stabilization policy to reduce the formal wage gap. Figure 1 shows that under the

baseline calibration, the second effect dominates, and the optimal policy features significant

deviations from price stability in the presence of an informal sector 11.

11This result is robust to changes in the parameter values and model specifications. I repeat the same exercise with different

values of the elasticity of substitution between formal and informal inputs, γ, different combinations of price and wage rigidities,

and different values of the job destruction rates in the formal sector, ρ. I also develop different versions of the model: (i) with

effort and changes in employment at the intensive and extensive margin and (ii) with search and matching friction in the informal

sector. For all cases, I found that optimal policy features significant deviations from price stability in the presence of informality.

The first effect dominates only for the case when both sectors are independent of each other and wages in the formal sector do

not depend directly on informal labor market variables.
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Table 2 shows the relative standard deviation (relative to the standard deviation of output)

of price and wage inflation, output, employment, and unemployment under the optimal mon-

etary policy, relative to the case without informality. The optimal volatility of price inflation

is approximately three times higher for the case with informality. This result suggests that

for emerging countries characterized by the presence of a large informal labor market, it is

optimal to allow more inflation volatility.

Table 2. Relative standard deviations under Optimal

monetary policy: with and without informality

lı = 0.41 lı = 0

Standard Deviations�

Price Inflation 0.0116 0.0035

Wage inflation 0.1769 0.1360

Output 0.0078 0.0110

Formal employment 0.0278 0.0032

Informal Employment 0.1003 -

Unemployment 0.3442 0.0138

�The standard deviation of output is expressed in absolute terms. The standard

deviation of all other variables is divided by the standard deviation of output.

5.2.3 Zero price inflation and the Taylor Rule policy

To illustrate the implications of the trade-offs faced by the central bank, I analyze the be-

havior of the decentralized economy when the monetary authority implements a zero price

inflation policy and the Taylor Rule.

Figure 2 plots the response of the economic variables to a 0.62% negative productivity shock

under a zero price inflation policy. The decrease in aggregate productivity reduces the target

wage in the formal sector, ŵot , via a fall in the marginal product of labor and a reduction

in informal wages and labor market tightness. Note that under this policy, relative to the

situation under the optimal policy, the decrease in wage inflation and the fluctuations in the

rest of the labor market variables are much higher for the case with informality. Notice that

for the case with informality unemployment decreases due to the larger increase in informal

employment.
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Figure 2. Impulse response functions to a 0.62% negative

productivity shock under a zero price inflation policy

Table 3 shows the relative standard deviation of wage inflation, output, employment, and

unemployment under a zero inflation policy for the cases with and without informality. By

comparing Table 3 and Table 2, it is also possible to notice that under a zero inflation policy,

wage inflation, formal and informal employment, and unemployment are much more volatile

than under the optimal monetary policy, especially for the case with informality. By allowing

some price inflation, the central bank can significantly reduce inefficient fluctuations in the

labor market variables.
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Table 3. Relative standard deviations under a zero

price inflation policy

lı = 0.41 lı = 0

Standard Deviations�

Price inflation 0 0

Wage inflation 0.1941 0.1380

Output 0.0075 0.0110

Formal employment 0.0618 0.0033

Informal Employment 0.2034 -

Unemployment 0.7217 0.0141

�The standard deviation of output is expressed in absolute terms. The standard

deviation of all other variables is divided by the standard deviation of output.

Additionally, I analyze the behavior of the decentralized economy when the central bank

follows a Taylor Rule. Figure 3 shows the response of all the variables in the welfare loss

function (Lt), unemployment, and the interest rate, to a 0.62% negative productivity shock

under the Taylor Rule used in the benchmark calibration (i.e., ît = 3.5π̂t + 0.09ŷt). Rela-

tive to the situation without informality, the increase in price inflation is lower, while the

decrease in wage inflation is higher. In both cases (with and without informality), output

decreases and formal employment and the interest rate increase. Unemployment increases

without informality and decreases in the presence of an informal sector. The decrease in

unemployment is explained by the large increase in informal employment. Notice that all

the labor market variables (formal employment, unemployment, wage inflation, hiring rate,

etc.) are much more volatile in the presence of an informal sector.
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Figure 3. Impulse response functions to a 0.62% negative

productivity shock under the benchmark Taylor Rule*

*i.e., ît = 3.5π̂t + 0.09ŷt

Table 4 shows the relative standard deviation of price and wage inflation, output, employ-

ment, and unemployment for different Taylor Rules. The first rule considers a response of the

interest rate to inflation of 3.5 and the response to output gap of 0.09
(
î = 3.5π̂t + 0.09ŷ

)
. The

second rule considers a response of the interest rate only to inflation of 5 (̂i = 5π̂t). Finally,

the third Taylor Rule considers a response to inflation of 5 and to unemployment gap of 2(
ît = 5π̂t + 2l̂ut

)
. In all cases, the volatility of unemployment and the rest of the labor market

variables are higher in the presence of an informal sector. Particularly under the Taylor Rule

that responds to inflation and output, the volatility of price and wage inflation, and the labor

market variables are much higher for the case with informality. Therefore, in this model, a

policy rule that targets output at the extent of wage inflation generates too much volatility

in unemployment, especially for the case with informality. By targeting only price inflation,
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or price inflation along with unemployment, the central bank can considerably reduce labor

market volatility.

Table 4. Relative standard deviations under different

Taylor Rules and Optimal Policy

ît = 3.5π̂t + 0.09ŷt î = 5π̂t ît = 5π̂t + 2l̂ut Optimal Policy

lı = 0.41 lı = 0 lı = 0.41 lı = 0 lı = 0.41 lı = 0 lı = 0.41 lı = 0

Standard Deviations

Price inflation 0.0576 0.0764 0.0199 0.0266 0.1516 0.0229 0.0116 0.0035

Wage inflation 0.1998 0.1437 0.1928 0.1592 0.1020 0.1598 0.1769 0.1360

Output 0.0068 0.0079 0.0072 0.0079 0.0078 0.0079 0.0078 0.0110

Formal employment 0.1510 0.0028 0.0894 0.0030 0.0197 0.0030 0.0278 0.0032

Informal employment 0.6698 - 0.3458 - 0.0817 - 0.1003 -

Unemployment 2.4997 0.0119 1.2699 0.0126 0.3019 0.0126 0.3442 0.0138

�The standard deviation of output is expressed in absolute terms. The standard deviation of all other variables is divided by

the standard deviation of output.

5.2.4 Welfare loss analysis

In line with Tomas (2008), I also consider a simple targeting rule that stabilizes a weighted
average of price and wage inflation, with the same relative weights as in the welfare loss
function. It writes:

Ψπ

Ψπ + Ψπw
π̂t +

Ψπw

Ψπ + Ψπw
π̂wt = 0.

Table 5 shows that any deviation from the optimal monetary policy under commitment

generates higher welfare losses in the presence of an informal sector. A zero price inflation

policy induces a substantial welfare cost under a staggered wage setting and in the presence

of an informal sector, due to the excessive variation in wage inflation and unemployment.

The welfare loss under the zero inflation policy is approximately 1.26 times as large as under

the optimal policy, while for the case without informality the welfare loss under zero inflation

is only approximately 0.015 times as large as under the optimal policy.

Different from Thomas (2008), who finds that the targeting rule that stabilizes a weighted

average of price and wage inflation performs almost as well as the optimal policy, I find that

in the presence of an informal sector, the same targeting rule generates significant welfare

losses. By comparing equations (43) and (44), one can observe that the weighted average of

price and wage inflation in the RHS of equation (43) is not equal to the weighted average of

price and wage inflation in the RHS of equation (44). As a result, a simple targeting rule
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that stabilizes a weighted average of price and wage inflation is not enough to stabilize the

formal hiring rate and informal employment at the same time.

The last two columns of Table 5 show that for the case where there are not wage rigidities,

ωw = 0, and the economy’s steady state is efficient, the central bank can replicate the efficient

equilibrium with a full price inflation stabilization policy, even in the presence of informality.

Table 5. Welfare losses due to deviations from

the optimal policy

ωw = 0.75 ωw = 0

Monetary policy lı = 0.41 lı = 0 lı = 0.41 lı = 0

π̂t = 0 1.2579 0.0146 0 0

Ψπ
Ψπ+Ψπw

π̂t + Ψπw
Ψπ+Ψπw

π̂wt = 0 1.2003 0.0063 - -

6 Conclusions

This paper analyzes the optimal monetary policy in the presence of informality. I develop a

closed economy model with nominal price and wage rigidities, search and matching frictions,

and a dual labor market. I found that in the absence of wage rigidities and under an efficient

steady state a zero price inflation policy is optimal. In a more realistic scenario, where both

price and formal wage rigidities are present, a trade-off between inflation and unemployment

emerges. I compare the predictions of the model against the case in which there is no informal

sector in the economy. I found that the trade-off between price inflation and unemployment

increases with the presence of an informal sector.

Under this framework, optimal monetary policy with informality features significant devia-

tions from price stability in response to productivity shocks. In the presence of informality,

wage inflation is more responsive to productivity shocks. Higher wage inflation generates a

higher dispersion on wages in the formal sector. This wage dispersion translates into ineffi-

cient fluctuations in formal and informal employment and, thus, on unemployment. There-

fore, by controlling the price inflation rate, the central bank is able to affect the real value

of nominal wages and then bring real formal wages closer to their flexible wage levels. The

presence of an informal sector requires a higher adjustment of inflation in order to reduce

this gap.

To illustrate the implications of the trade-off faced by the central bank, I analyze the behavior

of a decentralized economy when the monetary authority implements a policy of full inflation
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stabilization. I found that the welfare loss under the zero inflation policy is approximately

1.26 times as large as under the optimal policy, while for the case without informality, the

welfare loss under the zero inflation policy is approximately 0.015 times as large as under the

optimal policy. These results show that a policy designed to minimize inflation volatility can

generate significant welfare losses in the presence of formal wage rigidities and informality,

as is the case for most emerging countries.

Appendix B1 : Steady state and log-linearized equations

Steady state

q (θ)F = ρ

m(v, lu) = N (lu)
µ

(v)
1−µ

q (θ) = N (θ)
−µ

κF
q(θ) = βEt

[
u′(c)

(
pfmplf − wf

)
+ κ

2F
2 + (1− ρ) κFq(θ)

]
κFθ
u′(c) =

(
wı − ϕ

u′(c)

)
wf = φ

(
pfmplf + κ

2
F2

u′(c)

)
+ (1− φ) (wı)

wı = pızız

yf = zzf lf

yı = zzılı

y =

[(
yf
) γ−1

γ + (yı)
γ−1
γ

] γ
γ−1

yf =
(

1
pf

)γ
y

yı =
(

1
pı

)γ
y

y = c

log-linearized equations

ŷıt = ẑt + l̂ıt

ŵıt = p̂ıt + ẑt

ŷft = ẑt + l̂ft

ât = p̂ft + ŷft − l̂
f
t

ŷt = ĉt
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ŷıt = γ (m̂ct − pıt) + ŷt

ŷft = γ
(
m̂ct − pft

)
+ ŷt

ŷt = Ψyf ŷt
f + Ψyiŷıt. where Ψyf =

(
yf

y

) γ−1
γ

, Ψyi =
(
yı

y

) γ−1
γ

,

m̂t = µ
(
l̂ut

)
+ (1− µ) (v̂t)

l̂ft+1 = l̂ft + q (θ)F
(
q̂ (θt) + ˆ̄Ft

)
q̂ (θt) = m̂t − v̂t

p̂ (θt) = (1− µ) θ̂

θ̂ = v̂t − l̂ut

0 = lu l̂ut + lı l̂ıt + lf l̂ft

F̂t = v̂t − l̂ft

0 = EtΓ̂t,t+1 + ît − π̂t+1

EtΓ̂t,t+1 = λ̂t+1 − λ̂t
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Appendix B2: Price settings

Total production of final goods in the informal sector, denoted with yft is the following

composite of individual retail goods:

yt =

[� 1

o

(
y

Θ−1
Θ

jt

)] Θ
Θ−1

In the case that the firm has the chance to set prices optimally, it will choose the price that

maximize the present discounted value of the firm’s benefits, as follows:

max
p∗t

Et

∞∑
`=0

Γt,t+`ω
p`
[
P ∗t yt+`/t −MCt+`/ty

f
t+`/t

]
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subject to the sequence of demand constraints:

yt+`/t =

(
P ∗t
Pt+`

)−Θ

yt+`. (52)

The maximization problem can be written as follows
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Finally, the general price index in the formal sector is equal to:
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Appendix B3:Wage bargaining under a flexible wage setting

max
W f∗
t

Φt =
[
Jfit

]1−φ [
Hfit
]φ

(53)

subject to:

W f
it =

{
W f
it−1 with probabiıty ωw

W f∗
it with probabiıty (1− ωw)

(54)

Jfit, and Hf
it can be expressed as follows:
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where
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[
p (θt)HfF,t+1

]
= wıt −

ϕt
u′(c)

The first order necessary condition for the Nash bargaining solution is given by:

(1− φ)Hft (W f∗
it ) = φJft (W f∗

it ) (57)

Replacing (55) and (56) into (57), I obtain:

(1− φ)

(
W f∗
it

pt
− ϕt
u′(c)

+ EtΓt,t+1

[
(1− ρ− p (θt))Hfit+1

])
= φ

(
at − wfit +

κF2
it

2u′(ct)
+ (1− ρ)

κFt
u′(ct)q (θt)

)

W f∗
it

pt
= φ

(
at +

κF2
it

2u′(ct)
+
κFtθt
u′(ct)

)
+ (1− φ)

(
ϕt

u′(ct)

)

with
[
κFtθt
u′(c)

φ
1−φ

]
= wıt −

ϕt
u′(c)

W f∗
it

pt
= φ

(
at +

κF2
it

2u′(ct)
+
κFtθt
u′(c)

)
+ (1− φ)

(
wıt −

κFtθt
u′(c)

φ

1− φ

)

W f∗
it

pt
= φ

(
at +

κF2
it

2u′(ct)

)
+ (1− φ) (wıt)
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Appendix B4 . Efficient Equilibrium

The social planner chooses the state-contingent path of c, lf , li and vt to maximize the joint
welfare of households and managers, subject to the law of motion of employment and the
aggregate resource constraint:lft+1 = (1− ρ) lft +m(vt, l

u
t ), 1 = lut + lft + lıt,and yt = ct.

with yt =

[(
yft

) γ−1
γ

+ (yıt)
γ−1
γ

] γ
γ−1

and m(vt, l
u
t ) = N (vt)

1−µ
(lut )

µ. The first-order conditions with

respect to vt, l
f
t+1 and lıt are given by

[vt] κ

(
vt

lft

)
= Υ ft mv (vt, l

u
t ) (58)

[
lft+1

]
Υ ft = β

u′(ct+1)
∂yt+1

∂yft+1

∂yft+1

∂lft+1

− ϕ+
κ

2

(
vt+1

lft+1

)2

+ Υ ft+1

(
(1− ρ)−mlu

(
vt+1, l

u
t+1

)) (59)

[lıt] u′(ct)
∂y

∂yı
∂yıt
∂lıt
− ϕ = Υ ft mlu (vt, l

u
t ) (60)

where mv(vt, l
u
t ) = (1− µ) q (θt) and mlu(vt, l

u
t ) = µp (θt), p (θt) = θtq (θt) and 1 − µ = ∂mt

∂vt

vt
mt

. Υf
t is

known as the social value of an additional worker in the formal sector.

reorganizing and replacing κ
(
vt
lft

)
1

(1−µ)qft
= Υ ft and u′(ct)

∂y
∂yı

∂yıt
∂lıt
− ϕ = Υ ft (m2(vt, l

u
t )) into

(59), I obtain the following expression for the efficient job creation condition:

κ

(
vt

lft

)
1

(1− µ) qf
= β

u′(ct+1)
∂yt+1

∂yft+1

mplft+1 − ϕ+
κ

2

(
vt+1

lft+1

)2

+ Υ ft+1

(
(1− ρ) +m2(vt+1, l

u
t+1)(−1)

)

κ

(
vt

lft

)
1

(1− µ) qf
= β

u′(ct+1)
∂y

∂yf
mplft+1 − ϕ+

κ

2

(
vt+1

lft+1

)2

+ κ

(
vt+1

lft+1

)
1

(1− µ) q (θt+1)
(1− ρ)−

(
u′(ct+1)

∂y

∂yı

∂yıt+1

∂lıt+1

− ϕ
)

κFt
q (θt)

= β

[
(1− µ)u′(ct+1)

(
∂yt+1

∂yft+1

mplft+1 −
∂yt+1

∂yıt+1

mplıt+1 +
κF2

t+1

2u′(ct+1)

)
+ (1− ρ)

κFt+1

q (θt+1)

]
(61)

Appendix B5: Wage dynamics in the formal sector under staggered

wage bargaining

The worker’s surplus can be written as:

Hft (wf∗t ) =
W f∗
t

pt
− ϕt + EtΓt,t+1

{
(1− ρ)Hft+1(wf∗t+1)− p (θt)HfF,t+1

+(1− ρ)ωw
[
Hft+1(W f∗

t )−Hft+1(W f∗
t+1)

]} (62)
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the term Et

[
Hf
t+1(W f∗

t )−Hf
t+1(W f∗

t+1)
]

writes as follows:

Et

[
Hft+1(W f∗

t )−Hft+1(W f∗
t+1)

]
= Et

[
W f∗
t

Pt+1
− W f∗

t+1

Pt+1

]
+(1− ρ)ωwEtΓt,t+2

[
Hft+2(W f∗

t )−Hft+2(W f∗
t+1)

]
log-linearizing this equation and iterating forward, we have:

Et

[
Ĥt+1(W f∗

t )− Ĥft+1(W f∗
t+1)

]
Hf = Etw

f
[
Ŵ f∗
t − Ŵ

f∗
t+1

]
+(1− ρ)ωwHfΓEt

[
Ĥt+2(W f∗

t )− Ĥft+2(W f∗
t+1)

]
Et

[
Hft+1(W f∗

t )−Hft+1(W f∗
t+1)

]
=

w
Hf Et

∑∞
0 ((1− ρ)ωwΓ)

i
[
Ŵ f∗
t − Ŵ

f∗
t+1

]
Et

[
Ĥft+1(W f∗

t )− Ĥft+1(W f∗
t+1)

]
= wf ε

Hf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]
with wf = Wnf

P
and ε = 1

[1−β(1−ρ)ωw]

In this way, the complete log linearization of (62) takes the form:

Hf Ĥft (wf∗t ) = wŵf∗t − ~~̂t + EtΓ
{

(1− ρ)Hf Ĥft+1(wf∗t+1)− p (θ)Hf
(
p̂ (θt) + ĤF,t+1

)
+(1− ρ)ωwHf

[
Ĥft+1(W f∗

t )− Ĥft+1(W f∗
t+1)

]}
+
[
(1− ρ)Hf − p (θ)Hf

]
Γ̂t,t+1

Ĥft (wf∗t ) = wf

Hf

(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

])
− ~

Hf ~̂t
+EtΓ

{
(1− ρ)

(
Ĥft+1(wf∗t+1) + Γ̂t,t+1

)
− p (θ)

(
p̂ (θt) + ĤF,t+1 + Γ̂t,t+1

)}
where ~t = ϕt

u′(ct)
. With p (θ)HfΓ

(
p̂ (θt) + ĤF,t+1 + Γ̂t,t+1

)
=
(
wıŵıt − ~~̂t

)
, I have:

Ĥft (wf∗t ) = wf

Hf

(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

])
− 1

Hf (wıŵıt) + EtΓ
{

(1− ρ)
(
Ĥft+1(wf∗t+1) + Γ̂t,t+1

)} (63)

The producer surplus can be written as:

Jft = at −
wnft
pt
− κ

2
F2
t

1

u′(c)
+
(

1− ρ+ qfFt
(
W f∗
t

))
EtΓt,t+1J

f
t+1

Jft

(
W f∗
t

)
= at − wnft

pt
− κ

2F
2
t

1
u′(c)

+
(

1− ρ+ qfFt
(
W f∗
t

))
EtΓt,t+1

[
ωwJft+1

(
W f∗
t

)
+ (1− ωw) Jft+1

(
W f∗
t+1

)]
Jft

(
W f∗
t

)
= at − wnft

pt
+ κ

2F
2
t

1
u′(c)

+ (1− ρ)EtΓt,t+1J
f
t+1

(
W f∗
t+1

)
+ (1− ρ)ωwEtΓt,t+1

[
Jft+1

(
W f∗
t

)
− Jft+1

(
W f∗
t+1

)]
.
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The term Et

[
Jft+1(W f∗

t )− Jft+1(W f∗
t+1)

]
can be written as follows:

Et

[
Jft+1(W f∗

t )− Jft+1(W f∗
t+1)

]
=

−
[
W f∗
t

pt

pt
pt+1
− W f∗

t+1

pt+1

]
+ κ

2u′(c)

[
Ft+1(W f∗

t )2 −Ft+1(W f∗
t+1)2

]
+

+ωw (1− ρ)EtΓt,t+2

[
Jft+2(W f∗

t )− Jft+2(W f∗
t+1)

] (64)

From EtΓt,t+1J
f
t+1 = κFt

u′(c)qft
, I can obtain an expression for Ft

(
W f∗
t

)
−Ft

(
W f∗
t+1

)

EtΓt,t+1ω
w
[
Jft+1

(
W f∗
t

)
− Jft+1

(
W f∗
t+1

)]
=

κ

u′(ct)q
f
t

[
Ft
(
W f∗
t

)
−Ft

(
W f∗
t+1

)]
. (65)

Replacing (65) into (64), and iterating forward I obtain:

Et

[
Ĵft+1(W f∗

t )− Ĵft+1(W f∗
t+1)

]
= −w

fµ
Jf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]

Et

[
F̂t+1

(
W f∗
t

)
− F̂t+1

(
W f∗
t+1

)]
= −ωww

fµ

Jf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]
where µ = 1

1−ωwΓ
.

In this way the log-linearized version of the formal firm’s and worker’s surplus can be written,

respectively, as follows

Ĵft (wfn∗t ) = a
Jf
ât − wf

Jf

[
Ŵ f∗
t − P̂t + (1− ρ) ΓωwµEt

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

]]
+ βqfF

2

(
2F̂
(
wf∗t

)
− û′(c)

)
+ (1− ρ) ΓEt

[
Ĵft+1

(
wf∗t+1

)
+ Γ̂t,t+1

]

Ĥft (wf∗t ) = w
H

(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

])
+EtΓ

{
(1− ρ)

(
Ĥft+1(wf∗t+1) + Γ̂t,t+1

)
− p (θ)

(
p̂ (θt) + ĤF,t+1 + Γ̂t,t+1

)}
where at is the marginal productivity of labor ât = p̂xt + ŷft − l̂

f
t .

The wage contract would be in the following way:

Managers and workers split the match surplus in the same way as in the case of period-by-

period Nash negotiation:

(1− φ)Hft = φJft

log-linearizing this equation gives
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Ĥft (W f∗
t ) = Jft (W f∗

t ) (66)

replacing the expression for Ĥft (W f∗
t ) and Jft (W f∗

t )

w
Hf

(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

])
− 1

Hf (wıŵıt) + EtΓ
{

(1− ρ)
(
Ĥft+1(wf∗t+1) + Γ̂t,t+1

)}
= a

Jf
ât − wf

Jf

[
ŵf∗t + (1− ρ) ΓωwµEt

[
ŵf∗t − ŵ

f∗
t+1 − π̂t+1

]]
+βqfF

2

(
2F̂
(
wf∗t

)
− û′(c)

)
+ (1− ρ) ΓEt

[
Ĵft+1

(
wf∗t+1

)
+ Γ̂t,t+1

]
replacing Ĥft+1(W f∗

t+1) = Q̂ot+1(W f∗
t+1) and φ

1−φ = Hf
Jf

w
Hf

(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − πt+1

])
− 1

Hf (wıŵıt) + EtΓ
{

(1− ρ)
(
Ĥft+1(wf∗t+1) + Γ̂t,t+1

)}
= a

Jf
ât − wf

Jf

[
ŵf∗t + (1− ρ) ΓωwEtµ

[
ŵf∗t − ŵ

f∗
t+1 − πt+1

]]
+βqfF

2

(
2F̂
(
wf∗t

)
− û′(c)

)
+ (1− φ)

−1
φ̂t(W

f∗
t )

+ (1− ρ) ΓEt

[
Γ̂t,t+1 + Ĥft+1(W f∗

t+1)− (1− φ)
−1
φ̂t+1(W f∗

t+1)
]

then

(1− φ)w
(
ŵf∗t + (1− ρ)ωwεΓ

[
ŵf∗t − ŵ

f∗
t+1 − πt+1

])
− (1−φ)

Hf (wıŵıt)

= φaât − wfφ
[
ŵf∗t + (1− ρ) ΓωwEtµ

(
ŵf∗t − ŵ

f∗
t+1 − πt+1

)]
+ φ

(1−φ)
βqfF

2

(
2F̂
(
wf∗t

)
− û′(c)

)
rearranging

wŵf∗t + ((1− φ) ε+ φµ) (1− ρ)ωwΓwf
[
ŵf∗t − ŵ

f∗
t+1 − πt+1

]
= (1− φ) (wıŵıt) +φaât

+φβq
fF
2

(
2F̂
(
wf∗t

)
− û′(c)

)
wŵf∗t + ((1− ρ)ωwΓ) Θ̄wfEt

[
ŵf∗t − ŵ

f∗
t+1 − πt+1

]
= φaât + (1− φ) (wıŵıt) + φβq

fF
2

(
2F̂
(
wf∗t

)
− û′(c)

)
whereΘ̄ = (1− φ) ε+ φµ

(1 + Ψ) ŵf∗t −ΨEt

[
ŵf∗t+1 + πt+1

]
= φ

waât + (1−φ)
w (wıŵıt) + φ

w
βqfF

2

(
2F̂
(
wf∗t

)
− û′(c)

)

ŵf∗t = 1
(1+Ψ) ŵ

o
t + Ψ

(1+Ψ)Et

[
ŵf∗t+1 + π̂t+1

]
(67)
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where Ψ = (1− ρ)ωwΓΘ̄ and ŵot is the target wage given by:

ŵot = φ
[

Υaât + ΥF

(
2F̂t − û′(c)

) ]
+ (1− φ) (Υwıŵ

ı
t)

with, a = pfmplf , Υa = a
wf
, ΥF = κF2

wfu′(c)
, Υwı = wı

wf
, ψo + ψ1 + ψ2 = 1, and ât = p̂ft +

ˆ
mplft .

Formal wage and Hiring dynamics

the target wage is

ŵot

(
wf∗t

)
=
[
Υaât + Υwıŵ

ı
t + ΥF

(
2F̂
(
wf∗t

)
− û′(c)

)]
Let’s find expressions for F̂

(
wf∗t

)
, and ĤF ,t+1 in terms of gaps between contract and average

wages. Previously, I found Et

[
F̂t+1

(
W f∗
t

)
− F̂t+1

(
W f∗
t+1

)]
= −ωwwf µ

Jf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]
then

Et

[
F̂t
(
W f∗
t

)
− F̂t

(
W f
t

)]
= −ωwwf µ

Jf

[
Ŵ f∗
t − Ŵ

f
t

]
where F̂t

(
wnft

)
is the average hiring rate

Using the results in previous section

Et

[
Ĵft+1(W f∗

t )− Ĵft+1(W f∗
t+1)

]
= −wf µ

Jf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]
Et

[
Ĥft+1(W f∗

t )− Ĥft+1(W f∗
t+1)

]
= wf ε

Hf

[
Ŵ f∗
t − Ŵ

f∗
t+1

]

Et

[
Ĵft+1(W f∗

t+1)− Ĵft+1(W f
t+1)

]
= −wf µ

Jf

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]

Et

[
Ĥft+1(W f∗

t+1)− Ĥft+1(W f
t+1)

]
=
wε

Hf
[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
with φw = wf

Jf

Et

[
Ĵft+1(W f∗

t+1)− Ĵft+1(W f
t+1)

]
= −φwµ

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]

Et

[
Ĥft+1(W f∗

t+1)− Ĥft+1(W f
t+1)

]
= φw

1− φ
φ

ε
[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
Starting from the Nash first order condition in t+ 1:

EtĤft+1(W f∗
t+1) = EtĴ

f
t+1(W f∗

t+1)
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Ĥft+1(W f
t+1) +

wf ε

Hf
[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
= Ĵft+1(W f

t+1)− wfµ

Jf

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]

Ĥft+1(W f
t+1) +

(
wf ε

Hf
+
wfµ

Jf
−
(
qfFωwΓ

)
(ωwµφw)µ

)[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
= Ĵft+1(W f

t+1)

Ĥft+1(W f
t+1) +∇

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
= Ĵft+1(W f

t+1)

where ∇ = φwµ
(
Jf ε
Hfµ + 1

)
. Using EtΓt,t+1J

f
t+1 = κFt

u′(c)qft(
Γ̂t,t+1 + Ĵft+1(W f∗

t+1)
)

= F̂t
(
W f∗
t

)
− û′(ct)− q̂ (θt)

we have then:

Ĥft+1(wnft+1) +∇
[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
= F̂t

(
W f
t

)
− û′(ct)− q̂ (θt)− Γ̂t,t+1+

Et

[
Ĥft+1(wnft+1) + Γ̂t,t+1

]
= F̂t

(
W f
t

)
− û′(ct)− q̂ (θt)−∇Et

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
where Ĥft+1(wnft+1) = ĤF,t+1. Then

Et

[
ĤfF,,t+1 + Γ̂t,t+1

]
= F̂t

(
W f
t

)
− û′(ct)− q̂ (θt)−∇Et

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]
substituting in the target wage and rearranging

ŵot = φ
[

Υaât + ΥF

(
2F̂t − û′(c)

) ]
+ (1− φ) (Υwıŵ

ı
t)

[
F̂t
(
W f∗
t

)
− F̂t

(
W f
t

)]
= −ωwwf µ

Jf

[
Ŵ f∗
t − Ŵ

f
t

]
Et

[
ĤfF,,t+1 + Γ̂t,t+1

]
= F̂t

(
W f
t

)
− û′(ct)− q̂ (θt)−∇Et

[
Ŵ f∗
t+1 − Ŵ

f
t+1

]

ŵot = φ
[

Υaât + ΥF

(
2F̂t − û′(c)

) ]
+ (1− φ) (Υwıŵ

ı
t)

ŵot

(
wf∗t

)
=
[
φΥaât + (1− φ)Υwıŵ

ı
t + φΥF

(
2F̂t

(
ŵf∗t − ŵ

f
t

)
− ωwwf µ

Jf

[
ŵf∗t − ŵ

f
t

]
− û′(ct)

)]
in real terms

ŵot

(
wf∗t

)
= ŵot +$2

[
ŵft − ŵ

f∗
t

]
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where $2 = ωwµφw (φΥF2), ŵot = φΥaât + (1 − φ)Υwıŵ
ı
t + φΥF

(
2F̂t − û′(c)

)
. Additionally, the

average wage in the formal sector is defined as:

Ŵ f
t = (1− ωw)Ŵ f∗

t + ωw
[
Ŵ f
t−1

]
Combining this expression with the equations that define the evolution of the contract wage,

then yields the following second order difference equation for the aggregate wage:

Ŵ f∗
t = 1

(1+Ψ) ŵ
o
t + Ψ

(1+Ψ)Et

[
Ŵ f∗
t+1

]
ŵot

(
W f∗
t

)
= ŵot +$2

[
Ŵ f
t − Ŵ

f∗
t

]
Ŵ f
t = (1− ωw)Ŵ f∗

t + ωw
[
Ŵ f
t−1

]

Ŵ f
t = (1− ωw)Ŵ f∗

t + ωw
[
Ŵ f
t−1

]

Ŵ f
t = (1− ωw)

(
1

(1 + Ψ)
ŵot +

Ψ

(1 + Ψ)
EtŴ

f∗
t+1

)
+ ωw

[
Ŵ f
t−1

]

(1 + Ψ) Ŵ f
t = (1− ωw)ŵot + (1− ωw)ΨEtŴ

f∗
t+1 + (1 + Ψ)ωw

[
Ŵ f
t−1

]

Ŵ f
t = ψoŵ

o
t + ψ1EtW

f
t+1 + ψ2Ŵ

f
t−1

where ς = 1 + Ψ + ($2 + Ψ)ωw, ψo = (1−ωw)
ς , ψ1 = Ψ

ς , ψ2 = ($2+1+Ψ)ωw

ς . ψo + ψ1 + ψ2 = 1

Appendix B6: Job creation condition and equilibrium condition in

the informal sector

In this section, I express the job creation condition in the formal sector and the equilibrium

condition in the informal sector as a function of the marginal cost and the formal wage gap.

From the Nash wage bargaining under flexible wages, and the formal job creation condition

I have, respectively:

wot = φ
[
at + κ

2F
2
t

1
u′(c) + θt

κFt
u′(c)

]
+ [1− φ]

[
ϕt

u′(ct)

]
(68)

κFit
q (θt)

= βEt

[
u′(ct+1)

(
pft+1mpl

f
t+1 − w

f
it+1 +

κF2
it+1

2u′(ct+1)

)
+ (1− ρ)

κFit+1

q (θt+1)

]
, (69)

Equations (68) and (69) at the steady-state (SS) can be written as follows
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sw = φ
[
lf

y a+ sv + qw

ρ sv2
]

+ [1− φ]
[

ϕt
u′(ct)

lf

y

]
(70)

sv

[
β−1 − 1 +

ρ

2

]
=
ρ

2
Et

[(
lf

y
a− sw

)]

where sw = w lf

y , ρlf = q (θ) v, sv = hc
u’(c)c =

κ
2F

2
t l
f
t

u’(c)c ,

Log-linearizing equations (68) and (69) around the steady-state gives:

2

ρ
sv

(
µθ̂t + F̂it

)
= β

{(
lf

y
aât+1 − swŵfit+1 +

(
lf

y
a− sw

)
û′(ct+1)

)
+

2

ρ
svF̂it+1 +

(1− ρ) 2

ρ
svµθ̂t+1

}
(71)

sww
o
t = φ

lf

y
aât−(1−φ)

lf

y

ϕ

u′(c)
û′(ct)+φ

(
p (θ)

2

ρ
sv + 2sv

)
F̂t−φ

(
p (θ)

2

ρ
sv + sv

)
û′(ct)+φp (θ)

2

ρ
svθt (72)

Combining both equations in the way that it is possible to express equation (71) in terms of(
ŵft+1 − wot+1

)
I obtain:

2
ρβ sv

(
µθ̂t + F̂it

)
=
{(

lf

y aât+1 − sw
(
ŵft+1 − wot+1

)
+
(
lf

y a− sw
)
û′(ct+1)

)
+ 2

ρsvF̂it+1 + (1−ρ)2
ρ svµθ̂t+1

}
−
[
φ l

f

y a ˆat+1 − (1− φ) l
f

y
ϕ

u′(c) û
′(ct+1) + φ

(
p (θ) 2

ρsv + 2sv

)
F̂t+1 − φ

(
p (θ) 2

ρsv + sv

)
û′(ct+1) + φp (θ) 2

ρsv θ̂t+1

]
reorganizing

2
ρβ sv

(
µθ̂t + F̂it

)
=
{(

(1− φ) l
f

y aât+1 − sw
(
ŵft+1 − wot+1

)
+
(
lf

y a− sw
)
û′(ct+1)

)
+ 2

ρsvF̂it+1 + (1−ρ)2
ρ svµθ̂t+1

}
−
[
−
(
sw − φ

[
lf

y a+ sv + p(θ)
ρ sv2

])
û′(ct+1) + φ

(
p (θ) 2

ρsv + 2sv

)
F̂t+1 − φ

(
p (θ) 2

ρsv + sv

)
û′(ct+1) + φp (θ) 2

ρsvΘ̂
]

then with sw − φ
[
lf

y a+ sv + p(θ)
ρ sv2

]
= [1− φ]

[
ϕt
u′(c)

lf

y

]

2
ρβ sv

(
µθ̂t + F̂it

)
=
{(

(1− φ)
(
lf

y aât+1 + lf

y aû
′(ct+1)

)
− sw

(
ŵft+1 − wot+1

))
+ 2

ρsvF̂it+1 + (1−ρ)2
ρ svµθ̂t+1

}
−
[
φ
(
p (θ) 2

ρsv + 2sv

)
F̂t+1 + φp (θ) 2

ρsv θ̂t+1

]

2
ρβ
sv
(
µθ̂t + F̂it

)
={(

(1− φ)
(
lf

y
aât+1 + lf

y
aû′(ct+1)

)
− sw

(
ŵft+1 − wot+1

))
+
(

2
ρ
sv − φ

(
p (θ) 2

ρ
sv + 2sv

))
F̂i+1 +

(
(1−ρ)2
ρ

sv − p (θ) 2
ρ
sv
)
µθ̂t+1

}
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2
ρβ
sv
(
µθ̂t + F̂t

)
={

(1− φ)
(
pf y

f

y

(
pft+1 +mplft+1 + û′(ct+1)

)
+ 2
ρ(1−φ)

sv (1− µ (p (θ) + ρ)) F̂it+1 + 2
ρ(1−φ)

sv ((1− ρ)− p (θ))µθ̂t+1

)
− sw

(
ŵft+1 − wot+1

)}

I have that prices are equal to the marginal cost, that in perfect competition they should be

equal to the marginal income ( ∂y
∂yf

)

2
ρβ
sv
(
µθ̂t + F̂t

)
={

(1− φ)
(
∂y
∂yf

yf

y

(
pft+1 +mplft+1 + û′(ct+1)

)
+ 2
ρ(1−φ)

sv (1− µ (p (θ) + ρ)) F̂it+1 + 2
ρ(1−φ)

sv ((1− ρ)− p (θ))µθ̂t+1

)
− sw

(
ŵft+1 − wot+1

)}

From the Hosios condition I have φ = µ , then previous equation becomes

2
ρβ
sv
(
µθ̂t + F̂t

)
={

(1− φ)
(
∂y
∂yf

yf

y

(
pft+1 +mplft+1 + û′(ct+1)

)
+ 2
ρ(1−µ)

sv (1− µ (p (θ) + ρ)) F̂i+1 + 2
ρ(1−µ)

sv ((1− ρ)− p (θ))µθ̂t+1

)
− sw

(
ŵft+1 − wot+1

)}

reorganizing

2
ρβ sv

(
µθ̂t + F̂t

)
=

{
(1− φ)

(
y
yf

) 1
γ−1 (

p̂ft+1 − 1
γ

(
ŷt+1 − ŷf t+1

))
+ (1− φ) Υf Υ̂f

t − sw
(
ŵft+1 − wot+1

)}

2
ρβ sv

(
µθ̂t + F̂t

)
=

{
(1− φ)

[(
y
yf

) 1
γ−1

m̂ct+1 + Υf Υ̂f
t − sw

(1−φ)

(
ŵft+1 − ŵot+1

)]}

where Υ̂f
t is the social value of an additional job in the formal sector found in the social

planner solution.

Appendix B7: Phillips curve

from the optimal price setting we have

p∗t =
Et
∑∞
`=0 β

`ω`
(
ct+`
ct

)1−σ (
Pt
Pt+`

)−Θ

mct+`

Et
∑∞
`=0 β

`ω`
(
ct+`
ct

)1−σ (
Pt
Pt+`

)1−Θ

p∗t =
Θ(1− τm)

(1−Θ)

Nt
Dt

p̂∗t = N̂t − D̂t
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Nt = Et

∞∑
`=0

β`ω`
(
ct+`
ct

)1− 1
σ
(

Pt
Pt+`

)−Θ

mct+`

Dt = Et

∞∑
`=0

β`ω`
(
ct+`
ct

)1− 1
σ
(

Pt
Pt+`

)1−Θ

log-linearizing Nt and Dt

D̂t = ωβ

(
(1−Θ) (p̂t − p̂t+1) +

(
1− 1

σ

)
(ĉt+1 − ĉt) + D̂t+1

)

N̂t =
mc

N
m̂ct + ωβ

(
−Θ (p̂t − p̂t+1) +

(
1− 1

σ

)
(ĉt+1 − ĉt) + N̂t+1

)

with p̂∗t = N̂t − D̂t I obtain

p̂∗t = (1− ωβ) m̂ct + ωβ
(
p̂∗t+1 + πt+1

)
(73)

Additionally, the general price index in the formal sector is equal to:

Pt =
(
ω (Pt−1)

1−Θ
+ (1− ω) (P ∗t )

1−Θ
) 1

1−Θ

.

P 1−Θ
t =

(
ω (Pt−1)

1−Θ
+ (1− ω) (P ∗t )

1−Θ
)
.

dividing both sides by 1

P 1−Θ
t

P 1−Θ
t

(Pt−1)
1−Θ

= ω + (1− ω)

(
P ∗t
Pt−1

Pt
Pt

)1−Θ

.

log-linearizing around the steady-state

π̂t = (1− ω) (p̂∗t + π̂t) . (74)

replacing (73) into (74) I obtain

π̂ = κm̂ct + βEtπ̂t+1

with κ = (1−ωp)(1−ωpΓ )

ωp
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Appendix B8: wage inflation

By definition, real wage inflation is equal to nominal formal wage inflation minus price infla-

tion,

ŵft = ŵft−1 + πwt − πt

from equation (39) I have

ŵft = ψoŵ
o
t + ψ1Et

(
ŵft+1 + πt+1

)
+ ψ2

(
ŵft−1 − πt

)

ŵft − ŵ
f
t−1 = ψo

(
ŵot − ŵ

f
t−1

)
+ ψ1Et

(
ŵft+1 − ŵ

f
t−1 + πt+1

)
+ ψ2

(
ŵft−1 − ŵ

f
t−1 − πt

)

πwt − πt = ψo

(
ŵot − ŵ

f
t−1

)
+ ψ1Et

(
ŵft+1 − ŵ

f
t−1 + πt+1

)
+ ψ2 (−πt)

πwt = ψo

(
ŵot − ŵ

f
t−1

)
+ ψ1Et

(
ŵft+1 − ŵ

f
t−1 +

(
−ŵft+1 + ŵft + πwt+1

))
+ (ψ2 − 1)

(
ŵft − ŵ

f
t−1 − πwt

)

ψ2πwt = ψo

(
ŵot − ŵ

f
t−1

)
+ ψ1Et

(
ŵft+1 − ŵ

f
t−1 +

(
−ŵft+1 + ŵft + πwt+1

))
+ (ψ2 − 1)

(
ŵft − ŵ

f
t−1

)
Since ψo + ψ1 + ψ2 = 1

ψ2πwt = ψo

(
ŵot − ŵ

f
t

)
+ ψ1Et (πwt+1)

πwt =
ψo
ψ2

(
ŵot − ŵ

f
t

)
+
ψ1

ψ2
Et (πwt+1) ,

where ψo = (1−ωw)
ς , ψ1 = (Ψ−$1ω

w)
ς , and ψ2 = ($2+1+Ψ)ωw

ς .

Then ψ0

ψ2
= 1−ωw

ωw(1+(1−ρ+µ ρ

Jf
)ωwβφ)

, and ψ1

ψ2
= (1−ρ)φ

1+(1−ρ+µ ρ

Jf
)ωwβφ

.

Appendix B9: Welfare loss function

The second-order approximation of the welfare criterion

Ut = Et

∞∑
t=1

βt (εt) ,
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Ut = Et

∞∑
t=1

βt

(
c
1− 1

σ
t

1− 1
σ

−
(
lft + lıt

)
ϕ− κ

2

� 1

0

F2
itl
f
itdi

)
,

Ut = Et

∞∑
t=1

βt
(
ut (ct)−

(
lft + lıt

)
ϕ−

� 1

0

hcitdi

)
,

We can then expand every function in the logarithm of its arguments around their steady-

state levels,

ut (ct) = u (c)
(
1− σ−1

)(
ĉt +

1− σ−1

2
ĉ2t

)
+ t.i.p

where t.i.p represents the terms independent of policy. By using u (c) (1− σ−1) = u′ (c) c and

c = scy I obtain

ut (ct) = u′ (c) c

(
ĉt +

1− σ−1

2
ĉ2t

)
+ t.i.p

ut (ct) = u′ (c) y

(
scĉt +

1− σ−1

2
scĉ

2
t

)
+ t.i.p

Similarly, I do the following approximation

(
lft + lıt

)
ϕ = u′ (c) c

[
lfϕ

u′ (c) c

(
l̂ft +

1

2

(
l̂ft

)2
)

+
lıϕ

u′ (c) c

(
l̂ıt +

1

2

(
l̂ıt

)2
)]

+ t.i.p

In order to eliminate the linear terms in the previous equation, we need to approximate the

aggregate resource constraint.

Individual hiring costs can be written as

hcit =
κ

2
F2
itl
f
it = hc

[
2F̂it + l̂fit +

1

2

(
22F̂2

it +
(
l̂fit

)2

+ 2(2)F̂it l̂fit
)]

+ t.i.p

employment in the formal sector lft =
�
lfitdi and the average hiring rate F̄t =

�
Fit l

f
it

lft
di can

be approximated respectively by

l̂ft = Ei l̂
f
it +

1

2
V ari l̂

f
it + t.i.p

F̂t = EiF̂it +
1

2
V arF̂it + Ei l̂

f
itF̂it − l̂

f
t F̂t + t.i.p

where for any variable eit, Eieit ≡
� 1

0
eitdi and V arieit ≡ Ei (eit − Eieit)2denote its cross-sectional

average and variance, respectively. I have also used the identity Ei

(
l̂fit

)2

= V ari l̂
f
it +

(
Ei l̂

f
it

)2
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and the fact that
(
l̂ft

)2

=
(
Ei l̂

f
it

)2

(and similarly for F̂t). On the other hand, the average hiring

rate can also be written as Ft = vt
lft

which allows me to write F̂t = v̂t − l̂ft

then

combining the previous three equations, the total hiring costs can be written as follows

�
pft κ

2
F2
itl
f
it = hc

[
2

�
F̂it +

�
l̂fit +

1

2

� (
22F̂2

it +
(
l̂fit

)2

+ 2(2)F̂it l̂fit
)]

+ t.i.p

= hc

[
2
(
F̂t + 1

2

(
V arF̂it + l̂ft

))
+ 1

2

(
2F̂t + l̂ft

)2
]

+ t.i.p

with F̂t = v̂t − l̂ft

� 1

0

κ

2
F2
itl
f
itdi = u′(c)csv

{(
2v̂t − l̂ft

)
+ 1

2

[(
2v̂t − l̂ft

)2

+ 2V arF̂it
]}

+ t.i.p (75)

� 1

0

κ

2
F2
itl
f
itdi = u′(c)csv

{(
2v̂t − l̂ft

)
+ 1

2

[(
2v̂t − l̂ft

)2

+ 2V arF̂it
]}

+ t.i.p

where sv = hc
u’(c)c

=
κ
2
F2
t l
f
t

u’(c)c
is the vacancy posting cost in consumption units as a fraction of

GDP

therefore

Ut = u′ (c) c

(
ĉt + 1−σ−1

2 ĉ2t − lf
ϕ

u′(c)c

(
l̂ft + 1

2

(
l̂ft

)2
)
− lı ϕ

u′(c)c

(
l̂ıt + 1

2

(
l̂ıt

)2
)

+ t.i.p

)
−u′(c)csv

{(
2v̂t − l̂ft

)
+ 1

2

[(
2v̂t − l̂ft

)2

+ 2V arF̂it
]}

+ t.i.p

we have yt = 4tct , then ŷt = 4t + ĉt and from the equilibrium in the intermediate good

market(
l̂ıt + t.p.i

)
= ŷıt(

l̂ft

)
+ t.p.i = ŷft

ŷt = Ψyf
ˆ
yft + Ψyiŷıt = 4t + ĉt

ŷt = Ψyf
ˆ
lft + Ψyi l̂ıt + t.i.p = 4t + ĉt

Ut = u′ (c) c

((
Ψyf − lf ϕ

u′(c)c

)
ˆ
lft +

(
Ψyi − lı ϕ

u′(c)c

)
l̂ıt −4t + 1−σ−1

2 ŷ2
t − lf

ϕ
u′(c)c

1
2

(
l̂ft

)2

− lı ϕ
u′(c)c

1
2

(
l̂ıt

)2
)

−u′(c)csv
{(

2v̂t − l̂ft
)

+ 1
2

[(
2v̂t − l̂ft

)2

+ 2V arF̂it
]}

+ t.i.p
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The Beveridge Curve and law of motion of the employment in the informal sector

In order to eliminate the linear terms in the previous equation, I perform the following second

order approximation of the law of motion of employment in the formal and in the informal

sector

lft+1 = (1− ρ) lft + N (lut )
µ

(v̄t)
1−µ

then

l̂ft+1 +
1

2

(
l̂ft+1

)2
= (1− ρ)

(
l̂ft +

1

2

(
l̂ft

)2
)

+ ρ

[
µl̂ut + (1− µ) v̂t +

1

2

(
µl̂ut + (1− µ) v̂t

)2
]

+O3

lu = 1− lf − lı

lu
(
l̂ut +

1

2

(
l̂ut

)2
)

= −lf
(
l̂ft +

1

2

(
l̂ft

)2
)
− lı

(
l̂ıt +

1

2

(
l̂ıt

)2
)

+O3

l̂ut = −
lf

lu

(
l̂ft +

1

2

(
l̂ft

)2
)
−
lı

lu

(
l̂ıt +

1

2

(
l̂ıt

)2
)
−

1

2

(
l̂ut

)2
+O3

or

(
l̂ıt

)
= −

lu

lı

(
l̂ut +

1

2

(
l̂ut

)2
)
−
lf

lı

(
l̂ft +

1

2

(
l̂ft

)2
)
−

1

2

(
l̂ıt

)2
+O3

replacing in

l̂ft+1 +
1

2

(
l̂ft+1

)2
= (1− ρ)

(
l̂ft +

1

2

(
l̂ft

)2
)

+ ρ

[
µl̂ut + (1− µ) v̂t +

1

2

(
µl̂ut + (1− µ) v̂t

)2
]

+O3

multiplying by βt and iterating across t

(
β−1 − (1− ρ)

) ∞∑
t=0

βt
(
l̂ft +

1

2

(
l̂ft

)2
)

=

∞∑
t=0

βtρ

[
µl̂ut + (1− µ) v̂t +

1

2

(
µl̂ut + (1− µ) v̂t

)2
]

+O3 (76)

Reorganizing

(
β−1 − (1− ρ)

) ∞∑
t=0

βt
(
l̂ft +

1

2

(
l̂ft

)2
)

=

∞∑
t=0

βtρ

[
µl̂ut + (1− µ) v̂t +

1

2

(
µl̂ut + (1− µ) v̂t

)2
]

+ t.i.p

∞∑
t=0

βt
[(
β−1 − (1− ρ)

)
l̂ft − ρ

(
(1− µ) v̂t + µl̂ut

)]
=

∞∑
t=0

βt
1

2

[
ρ
(
µl̂ut + (1− µ) v̂t

)2
−
(
β−1 − (1− ρ)

) (
l̂ft

)2
]

+ t.i.p

from the efficient job creation condition in the steady-state I have

(
β−1 − (1− ρ)

)
= (1− µ)

ρ

2

s−1
v

( y

yf

) 1−γ
γ

−
(
y

yı

) 1−γ
γ lf

lı

+ 1


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(1− a)

(
y

yı

) 1−γ
γ lut

lı
= 2sv

µ

(1− µ)

combining the two following equations

(
β−1 − (1− ρ)

)
= (1− µ)

ρ

2

s−1
v

( y

yf

) 1−γ
γ

−
(
y

yı

) 1−γ
γ lf

lı

+ 1


∞∑
t=0

βt
[(
β−1 − (1− ρ)

)
l̂ft − ρ

(
(1− µ) v̂t + µl̂ut

)]
=

∞∑
t=0

βt
1

2

[
ρ
(
µl̂ut + (1− µ) v̂t

)2
−
(
β−1 − (1− ρ)

) (
l̂ft

)2
]

+ t.i.p

I obtain

∑∞
t=0 β

t 1
2

{[
s−1
v

((
y
yf

) 1−γ
γ −

(
y
yı

) 1−γ
γ lf

lı

)
+ 1

]
l̂ft − 2

(
v̂t + µ

(1−µ)
l̂ut

)}
=

∑∞
t=0 β

t 1
2

{
1

(1−µ)

(
µl̂ut + (1− µ) v̂t

)2
− 1

2

[
s−1
v

((
y
yf

) 1−γ
γ −

(
y
yı

) 1−γ
γ lf

lı

)
+ 1

](
l̂ft

)2
}

+ t.i.p

and combining with

∑∞
t=1 β

tUt = u′ (c) csv {−4t}

−
∑∞
t=1 β

tu′ (c) c 1
2

[
−
(
1− σ−1

)
ŷ2
t + (Ψyf )

(
l̂ft

)2

+ (Ψyi)
(
l̂ıt

)2
]

−
∑∞
t=1 β

tu′(c)csv

{[
µ (θt)

2
+ (Ft)2

+ V arF̂it
]}

+ t.i.p

then, reorganizing I have

∑∞
t=1 β

tUt =
∑∞
t=1 β

t u
′(c)c
2

 −24̂t −
(
σ−1 − 1

)
ŷ2
t − 2sv

[
µθ̂2
t + F2 + V arF̂it

]
−
(
Ψyf

) (
l̂ft

)2
- (Ψyi)

(
l̂ıt

)2
+ t.i.p



Price dispersion and inflation

The second order Taylor expansion of 4t =
� 1

0

(
pjt
pt

)−Θ

dj writes:

4̂t +
1

2
4̂2
t = −Θ

(
Ej p̂jt −

Θ

2
Ej (p̂jt)

2

)
+O3

where

p̂jt = log
(
pjt
pj

)
and we have 4 = 1.4̂t is proportional to the cross-sectional variance of relative

prices. Therefore, 4̂t ' Θ
2 vari {pt(i)}

In Woodford (2003, chapter 6) is proved that

∞∑
t=0

βtvari {pt(i)} =
ω

(1− βω) (1− ω)

∞∑
t=0

βtπ2
t
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then
∞∑
t=0

βt4̂t '
∞∑
t=0

βt
Θ

2
vari {pt(i)}

∞∑
t=0

βt4̂t '
∞∑
t=0

βt
Θ

2

ω

(1− βω) (1− ω)
π2
t

with Υ = (1−βω)(1−ω)
ω we ca express Ut as follows

∑∞
t=1 β

tUt =
∑∞
t=1 β

t u
′(c)c
2

 −Θ
Υ
π2
t −

(
σ−1 − 1

)
ŷ2
t − 2sv

[
µθ̂2
t + F2 + V arF̂it

]
−
(
Ψyf

) (
l̂ft

)2
- (Ψyi)

(
l̂ıt

)2
+ t.i.p

 (77)

Wage inflation and hiring rate dispersion

Analogously, the cross-sectional variance of nominal wages can be approximated by

varilog
(
wfit

)
= ωwvarilog

(
wfit−1

)
+

ωw

1− ωw
π2
wt (78)

Multiplying (78) by βt integrating forward and using the fact that varilog (wit−1) is indepen-

dent of policy as of time 0, I obtain

∞∑
t=0

βtvarilog
(
wfit

)
=

ωw

(1− ωw) (1− βωw)

∞∑
t=0

βtπ2
wt + t.i.p

By using Lemma 1 in Thomas (2008) I found that

V ariF̂it = ~2varilog(wfit)

where ~ = βωwsw
(1−βωw) 2

ρ
sv

, sw = lfw
y

is the steady state formal labor income share, sv is the steady

state ratio of vacancy posting cost (in consumption units ) to output

then it is possible to write

∞∑
t=0

βtV ariF̂it =
~2ωw

(1− ωw) (1− βωw)

∞∑
t=0

βtπ2
wt + t.i.p (79)

∞∑
t=0

βtV ariF̂it =
~2

Υw

∞∑
t=0

βtπ2
wt + t.i.p (80)

with Υw = (1−ωw)(1−βωw)
ωw

finally inserting (79) into (77)

55



∑∞
t=1 β

tUt =
∑∞
t=1 β

t u
′(c)c
2

 −Θ
Υ
π2
t −

(
σ−1 − 1

)
ŷ2
t − 2sv

[
µθ̂2
t + F2 + ~2

Υw
π2
wt

]
−
(
Ψyf

) (
l̂ft

)2
- (Ψyi)

(
l̂ıt

)2
+ t.i.p


∑∞
t=1 β

tUt =
∑∞
t=1 β

t u
′(c)c
2

 −Ψππ2
t −Ψπwπ2

wt −
(
σ−1 − 1

)
ŷ2
t − 2sv

[
µθ̂2
t + F2

]
−
(
Ψyf

) (
l̂ft

)2
- (Ψyi)

(
l̂ıt

)2
+ t.i.p


∑∞
t=1 β

tUt = −
∑∞
t=1 β

t u
′(c)c
2

 Ψππ2
t + Ψπwπ2

wt +
(
σ−1 − 1

)
ŷ2
t + 2sv

[
µθ̂2
t + F2

]
−
(
Ψyf

) (
l̂ft

)2
- (Ψyi)

(
l̂ıt

)2
+ t.i.p


where Ψπ = Θ

Υ and Ψπw = sv2
~2

Υw
, Ψyf =

(
y
yf

) 1−γ
γ

, Ψyi =
(
yı

y

) γ−1
γ

∑∞
t=0 β

tUt = −
∑∞
t=0 β

t u
′(c)c
2

{
Ψππ2

t + Ψπwπ2
wt +

(
σ−1 − 1

)
ŷ2
t + 2sv

[
µθ̂2
t + F2

]
+
(
Ψyf

) (
l̂ft

)2
+ (Ψyi)

(
l̂ıt

)2
}

+ t.i.p

∑∞
t=0 β

tUt = −
∑∞
t=0 β

t u
′(c)c
2

Lt + t.i.p

with

Lt = Ψππ
2
t + Ψπwπ

2
wt + Ll,ht

Ll,ht =
(
σ−1 − 1

)
ŷ2
t + 2sv

[
µθ̂2
t + F2

]
+ Ψyf

(
l̂ft

)2
+ Ψyi

(
l̂ıt

)2
.
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